


Basic 1dea of Constituent Quark Models (CQM)

Constituent Quarks

At variance with QCD quarks: CQ acquire mass & size



LQCD results: SU(6)x O(3) QM states up
to =2.2 GeV

J. J. Dudek, R. G. Edwards_
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LQCD (De Rujula, Georgi, Glashow, 1975)

the quark interaction contains
a long range spin-independent confinement
a short range spin dependent term

Spin-independence — SU(6) configurations
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Ex. Construct the baryon decuplet in the Y ( Y=B+S) ,T_z plane



Young diagram technique for SU(N)
the fundamental N-dimensional representation is denoted by a

box and the irr.rep.of three objects can be obtained as

oeO0eO = ae & [0 e 0D
A M M S

N®N ®N =%—N(N-1)(N-2)+2 : %(N+1)N(N-1)+ %(mz) (N+1) N

The advantage of this method is two-fold: first the pattern is general,
being valid for any SU(N); furthermore each Young tableaux with n boxes
defines an irreducible representation of the group Sn containing all the
permutations of n objects and therefore it belongs to a definite
symmetry type. the labels A,M,S refer to antisymmetry, mixed symmetry
and symmetry for the exchange of the 3 quark coordinates. In the case of
SU(2) (spin), the antisymmetric 3-quark state does not exist, because only
two different states are available for three particles.



Young diagram rules:

1° rule antisymetry for box in columns, symmetry for box
In rows

2°rule  the number of box in a column cannot exceed the

number of states (N) accessible to each particle

3 rule lower rows cannot have more box than the upper one




DIMENSIONS for Young diagrams for SU(N). Ex.calculate
also for SU(3),SU(6)
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SPIN STATES SU(2)
If we adopt the standard angular momentum notation I((s1,s2)s_12,5_3)S >,
the explicit form of the 3q spinstates is:

(Lol 5 o 3

the suffixes indicate also the symmetry for the exchange of quarks in the

pair with total spin Slz=0 or 1.

The SU(3) irr.rep. are constructed following to same general scheme, the
corresponding dimensions and symmetry types being

SU(3): 3®3®3 = 10808610
A MM S



In the case of non-strange baryons, the resulting states coincide with the standard

isospin ones, detoned, similarly to the spin states by

AMA » Xms s

The strongest component of the quark-quark interaction is spin independent. In
this case the flavour and spin states are combined into SU(6) multiplets with the

dimensions

6686 = 20070070 56
A M M S§

Each SU(6) state can be analyzed with respect to its spin ,SU(2),and flavour SU(3)

content. Keeping in mind the symmetry properties of the various states involved,
one can easily obtain the following decomposition:

20="+?%8
20=2 +28+%8+210
26 = 8 + 410

In the r.h. sides the suffixes denote of course the multiplicity 25+1 of the 3q spin states, while
the underlined numbers are the dimensions of the SU(3) flavour multiplets



Each SU(6) state can be analyzed with respect to its spin ,SU(2),and flavour SU(3)

content. Keeping in mind the symmetry properties of the various states involved,
one can easily obtain the following decomposition:

20="1+%8
20=21+28+%8+210
26 = 2g + 410

Multiplication table: AMS
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THREE-QUARK WAVE FUNCTION

Wiy = Ooiour X Aspin X Piso X Wepace
SU(3). SU(2) SU(3); O(3)
SU(6) limit: (spin-independent interaction)
SU(3), SuU(6) 0(3)
Permutation symmetry: 1P3q must be antisymmetric

0 is a colour singlet => A

colour

the rest must be symmetric

SU(6) & O(3) wf have the same symmetry (A, MS, MA, S)



SU(6) configurations for three quark states

6X6X6=20+70+70+56
A M M S

Notation
(d, L™)

d = dim of SU(6) irrep
L = total orbital angular momentum
T = parity
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The general structure of the h.o. wave functions is

‘PNLt = %PN (P,M e

Y, @)Y, (@)

TABLE 2 - The harmonic oscillator wave functions for the 3-quark system
[5,6] according to eq. (8). The presence of two items in the same line
means that the correct symmetry property is obtained with a linear
combination of the two wave functions. The quantity J, in the
normalization factor is given by 40°/v/z and t(=A,M,S) denotes the type of

permutation symmetry.The parity IT is (-) N,

N v

n

L

I

YLt oA 2 N
Yoos c 0 O 0 0 O + 1 1
Vi 1 0 0 1 0 1 - av2i@  p
A
viuM 1 0 0 0 1 1 - ov2/3 A
Yoos 2 1 o0 0 0 0 + 11V3 o2(p2+12)-3
Yaou 2 0 1 0 0 O + o?/V3 p2-22
2
Voosoom 2 0 O 2 0 2 + 20; /V15 p2
2
Voosom 2 0 O 0 2 2 + 20 2\/1_5 A
Yaooum 2 0 O i 1 0 + 2a2/3 pA
Yaia 2 0 0 1 1 1 + 2(12 /3 pA
Yoom 2 0 0 1 1 2 + 204/3 pA




Table 6. Three-quark states with positive parity. For simplicity of notation, we have omitted the coupling to the total angula:
momentum L of the second column

Resonance Lg, S T SU(6) configurations
P11 O% % % Yoo Y[0j0042s
0g 2 2 1/’10}/[0]0095
0% 3 3 ¥20Y[0100{2s
01, 3 3 )22 % [Yi21000205 + Yi2j11 201 4]
21 : 3 1/’22%[%(1/[2]20 — Yioj02)pms + Yigpuipmalxs
P13 24 1 1 a2 % [%(Y[Q]Qo — Yi9j02) 205 + Y211 200 4]
24 3 1 ¢22%[%(Yp]20 — Yigj02)®ms + Y21 dmalxs
03 3 3 P22 75 [Yjo0pns + Yz daralxs
2§ % % 22 % [Yi2120 + Y(2)02]82s
F15 2'1\"4 % % 1#22%[%(5/[2]20 — Yioj02) 0205 + Yioj1192004]
2& % % ¢22%[%(Y[2]20 — Yoj02)¢ms + Yigpidaralxs
2; % % 22 % (Y2120 + Y]2102]£2s
Fi7 2& % % 1/)22%[%(3/[2]20 — Yjgj02)dms + Yiopnidmalxs
P31 2; % % ¢22%[(Y[2]20 + Yzj02]x 505
04, 3 3 a2 % [Yizjo0X M5 + Yigu1 XM a]ds
P33 0% 2 2 o0 Y[ojo0 XS Ps
0% § 5 P10Y[ojo0XsPs
0& s s Y20Y[0j00X 5P
2}_ % % P22 % [Yi220 + Y2102 X505
25, 1 3 1/122%[%(5/[2120 — Yioj02)xMs + Yigjuixmalés
F35 23 3 2 1/122%[%(3/[2]20 — Yizj02)xms + Yo xamalos
2 3 3 a2 % (Y2120 + Yi2jo2lxs¢s
F37 2% s s ¥z 5 Y120 + Yizjoa] x5 ¢s
0w — 1
s = ﬁ[XMAd)MA + XmsPms),
1.1
s = (5, 5)1 2>2 . Rus = L[XMA</>MA — XMsPums)s
V2
1.1
XMA = ((_7_)075)5 >, 1

Qnia = —= + ,
MA \/Q[XMA(bMS XMSPM A

1
Op = — - ,
A NG IXMAPMS — XmsPr Al



Table 7. Three quark states with negative parity

Resonances ng

wn
=

States

S11

D13

D15

S31

533

[N ST ST STE STV V] [VCR G VC G VY ST R ST T ST IVER S IVCR ST ST

D100 D00 N[00 D[ CO D[ D= D= B = DO | = DI | = D= B[ = b | = DO | =

1,011f[ 1108204 + Y(1j01 20 5]
P21 \/5[ 1108204 + Y(1j01]2m s
P11 %[YmmcﬁMA + Yjo19mslxs
Ya1 % Yj1000m4 + Yjo10ms]xs
P11 \lf[ 1108204 + Yi1j01 820 5]
P21 \/[ 110204 + Y(j01]21s
Y11 f[Y[l]loQSMA + Yijo19ms]xs

P21 f[Y[l]loﬁf?MA + Yjjo1éms|xs

Y11 \/[Y[1]10¢MA + Yo damrs|xs
P21 f[Y[l]locﬁMA + Yjo19mslxs
P11 \[[Y 1oxMA + Yjo1xms]és
Y215 [YajioXama + Yiujorxars|¢s
1[)11%[1/ 110xXMA + Yjo1xms]és
¢21%[Y1]10XMA + Yjoixmslos




Flavor wave functions

the flavor wave functions |(p,q), I, M,Y)

(i) The octet baryons (p,q) = (1,1):

(1,1),1/2,1/2,1) = ¢y(p) = [ludu) —|duw)]/V2 ,
A(p) = [2uud) — Judu) — |duw)]/V6 ,

<

(
(1,1),1,1,0) = ¢p(XF) = [lsuw) - |usw)]/v2

D ET) = [lsuw) + usu) — 2Juus)] V6
(1,1),0,0,0) : ¢,(A) = [2luds) — 2|dus) — |dsu) + |sdu) — |sud) + |usd)]/V12 ,
: o) = [—|dsu) — |sdu) + |sud) + |usd)]/2 ,
(1,1),1/2,1/2,-1) = ¢p(E°) = [Isus) — |uss)]/V2,

: oA (EY) = [2|ssu) — |sus) — |uss)]/V6 .
(ii) The decuplet baryons (p,q) = (3,0):
1(3,0),3/2,3/2,1) (ATT) = |uuu)
(3,0),1,1,0) (5%) = [Jsuu) + |usu) + [uus)]/V3
1(3,0),1/2,1/2,-1) : ¢5(E°) = [|ssu) + |sus) + |uss)]/V3
1(3,0),0,0,—2) (Q7) = |sss) .

(iii) The singlet baryons (p,¢) = (0,0):

(0,0),0,0,0) = da(A) = [Juds) — |dus) + |dsu) — [sdu) + |sud) — usd)}/v/6



The S5 invariant space-spin-flavor (¥ = ¢ x¢) baryon wave functions are given by

28[56, L] = s(xpdp + X200)/ V2,
28[70, L"] [ Vo (Xp®r + X20p) + UA(XpPp — X20N)]/2,
1B[70, L]+ (pdp + Uada)Xs/V2 ,
2820, LF] 1 wa(xpdr — Xadp)/V2 ,
*10[56, L") : tsxsds
210[70, L]+ (pxp + ¥axa)os/ V2,
2170, L]+ (pxa — ¥aXp)da/V2
1120, L] Yaxsoa -



Magnetic moments of Baryons

Single quark magnetic moment operator

_ € -
M. p— —O'.
J 2mj J

g is given by the matrix element



proton
the u pair is in a symmetric (triplet) spin state x(1,m)
(the antisimmetry is ensured by the color wf )

®(1/2,s) spin state of the third quark

proton state

11 2 1 1 1 11
_2, WIS

neutron (u and interchanged)

4 1

MHn = g,ud - glufu Hn

(exp — 0.685)



Baryon magnetic moments in nuclear magnetons (n.m.), normalised
to proton and lambda moments

Magnetic moment Predicted, Observed,
Baryon  in quark model n.m. n.m.
p *lu — 3Hd +2.79 +2.793
n . %ud-%uu —1.86 —1.913
A s —0.61 —0.614 £ 0.005 *
g lu — 3 s +2.68  +2.46 +0.01
B Sug—lu,  -104  —116£0.03
50 s — 5 bhu <144  -125+0.014
cla 4105 — $iua ~051  —0.65+0.01

u O 3p, ~1.84 —=2.02£0.05




‘The, ba‘r'yon‘ current
 QUARKS  ARE THE FUNDAMENTAL CARRIERS OF
THE BARYowN  CHARGE '
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The Isgur and Karl model
(how to correct the defect of to the H.O. model)

P “‘p -
H= 3m+—'°§-— +Lp ) +H (0. o) L=, FKkPeum)=v

conf
i<j

The term L(E: ?T) provides confinement again through a h.o. potential, to which however an
anharmonic term U is added

L= (%Krﬁ+U(rij))EV°m

i<j

— ot —

p 22{ 5( i])+ -13 [3 (Si' rij j. rij)_g.g.]}

|<] rij i

%

am = 3{wn?3 [ dp (ap)™ U(V2 p) exp(- 02p2)
through the quantities

Ey=€5+2ag ; Q=‘ﬁm-a0/2+a213; A=-5/4a0+5/3a2-1/3a4

E(56,0%) = E, E(Z0,1) = Ey+ Q

E(56'09) =E,+2Q-4 E(Z0.0%) =Ey +2 Q- /2
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Algebraic solution of the Coulomb problem

: : 1
A) three dimensions ;
angular momentum — O0@) symmetry
.. - Runge-Lenz vector -~ — O(4) symmetry
1 1
H=-31c0@+1 > E= 2w

[ C,(0O(4)) Casimir for O(4)]
since

C2(0(4)) = 0((m+2) n=w0+1

In general the eigenvalues of C_2(O(N))=w (w+N-2)



algebraic solution to the hyperCoulomb

problem
i -

B) six dimensions X

hyperangular invariance =~ — O(6) symmetry

"Runge-Lenz vector" —  O(7) symmetry
H = L E = 2
= T 2[C0) + (/27 = " 2n2

v+l ((v-1)/2)2

C,(0(7) = o (@ +5) n=w+5/2
o(+v-1) ® + (v-1)/2

(iachello, Giannini, Santopinto)
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Kin. Energy SU(6) inv SU(6) viol | date
Isgur-Karl non rel h.o. + shift OGE 1978-9
Capstick-Isgur rel string + coul-like OGE 1986
U(7) B.I.L. rel MA2 vibr+L Guersey-R | 1994
Hyp. O(6) non rel/rel hyp.coul+linear OGE 1995
Glozman Riska |non rel/relPlessas h.o./linear GBE 1996
Bonn rel linear 3-body instanton 2001




Non strange spectrum

, M N A
[MeV]
(}26? N A — 2100 A
o] Z5E-T == =H- wi TEZEEZ a===N-
| = =mm— - = o0 B _ =TT = B
—_—— _ —_— 1500 - —
1.51 R -
1 3 1300 A
1 1 - 1100 A
T Capstick & Isgur’s Model | _ U(7) Algebraic Model
0.9 1+l_3+3_5+2_ 1+l_3+3_5+i_7+JP - %"%‘%"%’i"f E%‘%"%’%";’;Sﬂms
E_aﬁsgclz a7ndzlsgur Ph?s QRgV ;b37_4 228709 Bijker, lachello, Leviatan, Ann. Phys.
’ R ' 236, 69 (1994)
N A N A
2100 1 2100
1900 _ — - -.- =.- 1900 4 —:_: T — ﬁ‘.._; -
1700 1 ; L = I — —_— 1700 4 i_; —_— —
1500 = — 1500 4 e —
- -
1300 A 1300 4 o
oo GB Model Hypercentral CQM
. o | — V(X) =-T/X+ax
900 - T o o = e = " (_i*é]*_:'(_:]*:' s 7 7 3 s s 7 States
2 222 2 2 22723223232 " iaﬁLmi,‘g ntopints, Vassallo,” Edr. Phys.’) .A12:447




Hypercentral Constituent Quark Model
hCQM

free parameters fixed from the spectrum

Comment
The description of the spectrum is the first task of a model builder

Predictions for:
photocouplings
transition form factors
elastic from factors

describe data (if possible)
understand what is missing



Hypercentral Constituent Quark Model
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free parameters fixed from the spectrum

Comment
The description of the spectrum is the first task of a model builder

Predictions for:
photocouplings
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LQCD (De Rujula, Georgi, Glashow, 1975)

the quark interaction contains
a long range spin-independent confinement
a short range spin dependent term

Spin-independence — SU(6) configurations



SU(6) configurations for three quark states

6X6X6=20+70+70+56
A M M S

Notation
(d, L™)

d = dim of SU(6) irrep
L = total orbital angular momentum
T = parity



SU(6) configurations for three quark states

6X6X6=20+70+70+56
A M M S

Notation
(d, L™)

d = dim of SU(6) irrep
L = total orbital angular momentum
T = parity



Jacobi coordinates Hyperspherical Coordinates

p 0y, A, ) = (z,t,Q,, Q)
1 < Ap ) (pa pa)‘7of\) ('Tata pgo,\)
N I = \/,02 + )2 hyperradius
A
— aretal
3 t=ar Cth hyperangle
L(@Q)Y(Q) =—y(y +Y (@) L*9Q) & C,(0(6))
7 grand angular quantum number YV’ (Q) Hyperspherical harmonics
le’(rij)zb’(r)+... y=2n+l +l,

1<j
Hasenfratz et al. 1980:
2 V(r,r;) is approximately hypercentral



Hypercentral Hypothesis V =V(z)

Factorization

‘l,’f’(lf, t, QP) Q\) - IL’V’:‘(I) Y:".’vlfvl y
(“dynamics”) (“geometry”)

Only one differential equation in x (hyperradial equation)

Hypercentral Model
ypP Genoa group, 1995

V(x) = -t/x + a x

Hypercentral approximation of V=-br+cr



e QCD fundamental mechanism
3-body forces

P Carlson et al, 1983
E Capstick-Isgur 1986
: hCQM 1995

e [lux tube model
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Two analytical solutions

hyperCoulomb - T/X
2 — 2

a) HYPERCOULOMB b) H. O.

0's _0 Ol 252,
PR SR VN VD CI L " _
v=1 0s = LV 1;

va() —M—

yoo — %5

0+S

v=0
y=0 y=1 1=2 y=0 y=1 y=2




. H.O. « Hyp.
e W.fs ea2r2 e W.fs Polinomial e®r
PR :1/(14Q2 )72
Transition f.f.:

e F.F. e©2r2/6
e Iransition form factor :

e Polynomial xe2r2/6 Polynomialx
1/(1+Q2 jpy)V7*7V2
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Quark-antiquark lattice potential

G.S. Bali Phys. Rep. 343, 1 (2001)
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Introducing SU(6) violation

One Gluon Exchange

Ve = -a/r + Hyperfine interaction



M. Ferraris, M. M. Giannini, M. Pizzo, E. Santopinto, L. Tiator, Phys.
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Results (predictions)
with the Hypercentral Constituent
Quark Model

for

a Helicity amplitudes

] Elastic nucleon form factors






HELICITY AMPLITUDES

Extracted from electroproduction of mesons

N*

N I N

A1/2 A3/2 S1/2



Definition

A =<N*J,=1/2 | H, |NJ,=-1/2> 5
Ay, =<N*J,=3/2 |H, |NJ,=1/2> 5
S, =<N*J,=1/2 | H | NJ,= 1/2>

N, N* nucleon and resonance as 3q states
H' H model transition operator

§ results for the negative parity resonances:
M. Aiello, M.G,, E. Santopinto J. Phys. G24, 753 (1998)

Systematic predictions for transverse and longitudinal amplitudes
E. Santopinto, M.G., submitted to PR C



Definition

A, =<N*J =121 H'_INJ =-1/2> §
A, =<N*J =321H" _INJ = 112> §

N, N* nucleon and resonance as 3q states
H' H'. model transition operator

§ results for the negative parity resonances:
M. Aiello, M.G., E. Santopinto J. Phys. G24, 753 (1998)

Systematic predictions for transverse and longitudinal amplitudes
E. Santopinto et al. , Phys. Rev. C86, 065202 (2012)

Proton and neutron electro-excitation to 14 resonances
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Neutron

photocouplings
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* The hCQM seems to provide realistic three-quark wave functions

* The main reason is the presence of the hypercoulomb term

Solvable model

V(x) = -t/x + ax linear term treated as a perturbation
wf mainly concentrated in the low x region

» energy levels expressed analytically
» unperturbed wf given by the 1/x term
» major contribution to the helicity amplitudes

Good results due to semplicity

E. Santopinto, F. lachello, M.Giannini, Eur. Phys. J. A1, 307 (1998)
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- elastic scattering of polarized
electrons on polarized protons

- measurement of polarizations
asymmetry gives directly the

Gr/GP,,

ratio

- discrepancy with Rosenbluth data (?)
- linear and strong decrease

- pointing towards a zero (!)

- new data (Jan 2010) seem to confirm
the behaviour
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With a calculated radius of about 0.5 fm
the e.m. form factors predicted by the hCOQM
are not good!

BUT

relativity is needed



RELATIVITY

Various levels

e relativistic kinetic energy

e Lorentz boosts

e Relativistic dynamics

e quark-antiquark pair effects (meson cloud)

e relativistic equations (BS, DS)
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Elastic Form Factors in the hCQM

M. De Sanctis, M.M. Giannini, L. Repetto, E. Santopinto, Phys. Rev. C6&2, (2000) 025208.
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Construction of a fully relativistic theory
Relativistic Dynamics

Three forms (Dirac):
Light (LF), Instant (IF), Point (PF)

Point form:

Composition of angular momentum states as in the
non relativistic case

Moving three-quark states are obtained through
(interaction free) Lorentz boosts (velocity states)



Construction of a fully relativistic theory
Relativistic Dynamics

Relativistic Hamiltonian Dynamics
for a fixed number of particles (Dirac)

Construction of a representation of the Poincaré generators
PM (tetramomentum), J, (angular momenta), K; (boosts)
obeying the Poincaré group commutation relations

in particular

Moving three-quark states are obtained through
(interaction free) Lorentz boosts (velocity states)

Three forms:
Light (LF), Instant (IF), Point (PF)
Differ in the number and type of (interaction) free generators



Point form: P, interaction dependent
J, k and Kl free

Composition of angular momentum states as in the
non relativistic case

Mass operator M =M o+ M;

Mo=zi\/E2+m2 21E=O

P; undergo the same Wigner rotation -> M,, is invariant

Similar reasoning for the hyperradius

The eigenstates of the relativistic hCQM are interpreted as
eigenstates of the mass operator M

Moving three-quark states are obtained through
(interaction free) Lorentz boosts (velocity states)



Calculated values!

*Boosts to 1nitial and final states

eExpansion of current to any order

*Conserved current
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A.J. R.PUCKETT et al. PHYSICAL REVIEW C 85, 045203 (2012)
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the medium Q? behaviour is fairly well reproduced

there is lack of strength at low Q? (outer region) in the e.m.
transitions

emerging picture:
quark core plus (meson or sea-quark) cloud

@

Meson cloud
Quark core



Conclusions First Part

" CQM provide a good systematic frame for baryon studies
" fair description of e.m. properties (specially N-N* transitions)

" possibility of understanding missing mechanisms

"quark antiquark pairs effects

unquenching: important break through



