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what are we trying to do ? 2

how does ‘complex’ stuff like this ... il
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come from something as ‘simple’ as this ...

L = (ivDy — m)yp — str(F F*)
o
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what are we trying to do ? 3

and ig this stuff ...

The Analytic
S-Matrix

... still relevant in the ‘QCD age’ ?

(it definitelyig !)
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contents 4

e path-integrals & quantum field theory on a lattice
g e ? Y 'l try to keep the formalism

e QCD (on a lattice) down to a minimum

o extracting a spectrum of QCD eigenstates again, ill avoid the details

. ‘scattering’ in a finite volume illustrate the idea with quantum
mechanics

e elastic nrr scattering

can we extract resonance info?
e coupled-channel scattering, the case of nK,nK

o extensions: other coupled systems, external currents, many-body decays ...
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(lattice) quantum field theories
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path-integrals in quantum mechanics 6

e.g. a free particle moving between a
fixed initial position (xi,t;)

and a

fixed final position (xr,tr)

SPACE-TIME DIAGRAM

i+ o
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path-integrals in quantum mechanics 7

e.g. a free particle moving between a
fixed initial position (xi,t;)

and a

fixed final position (xr,tr)

SPACE-TIME DIAGRAM

f
A
tf T the action
te
“ B :
s Slx(t)] = /t CdtL(x, %)
X '
\,z;o" = the path of
e’ minimum action [, = %mfcz
H+
| — X
X; Xf
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path-integrals in quantum mechanics 8

e.g. a free particle moving between a
fixed initial position (xi,t;)

and a

fixed final position (xr,tr)

quantum —'IA{(t —t-)
SPACE-TIME DIAGRAM mechanical <xf‘e tH (e —1 xi>
amplitude
t i
A .
te+ —| [ Dxle iS|x(t)]
|
‘sum’ over
all paths
Ht
| L,y ... the usual rules of
' ' quantum mechanics follow ...
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path-integrals in quantum field theory 9

consider a scalar field theory
REAL SCALAR FIELD LAGRANGIAN

L = 30,9 — sm*¢* + V9]

can define a path integral

7 :[ Dq)(x?e—is[cp(x)] with action S[¢] = /d%g[cp(x)}

‘ ,J e.g. in one-dimension
sum’ over all

field configurations ‘PA(X)
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path-integrals in quantum field theory 10

consider a scalar field theory
REAL SCALAR FIELD LAGRANGIAN

L = 30,9 g — ym*¢” + V9]

can define a path integral

7 :[ Dq)(x?e—is[cp(x)] with action S[¢] = /d4x£[cp(x)]
_

‘sum’ over all
field configurations

and correspondingly correlation functions

(0]p(x")p(x")[0)
= 2 [Dox) ola") pla') e 510
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lattice quantum field theory 11

a concrete meaning for /D(p(x)
comes from considering the fields on a space-time grid

do an integral over all
values the field can take

/Dq)(x) — H/dgpx at each point on the grid

e.g. in one-dimension

®(x)
A
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lattice quantum field theory 12
a concrete meaning for /D(p(x)
comes from considering the fields on a space-time grid
do an integral over all
[ | values the field can take
/Dq)(x) — H/dgpx at each point on the grid
L |
e.g. in one-dimension
P(x)
4
/
> X
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lattice quantum field theory 13
a concrete meaning for /D(p(x)
comes from considering the fields on a space-time grid
do an integral over all
[ | values the field can take
/Dq)(x) — H/dgpx at each point on the grid
L |
e.g. in one-dimension
P(x)
4
/
> X
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lattice quantum field theory 14
a concrete meaning for /D(p(x)
comes from considering the fields on a space-time grid
do an integral over all
[ | values the field can take
/Dq)(x) — H/dgpx at each point on the grid
L |
e.g. in one-dimension
P(x)
A
7
__r > X
/
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lattice quantum field theory 15

a concrete meaning for /D(p(x)

comes from considering the fields on a space-time grid

-
/DQD(X) H/dgpx t SPACE-TIME GRID
_ . —> 14

do an integral over all
values the field can take
at each point on the grid

> X
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euclidean quantum field theory 16

7 _ /qu o—iS[p(x)

now make a transform to an imaginary time variable  — 1T

then the argument of the exponential becomes
s = —i/d3xdt£ _ —/d3xdT£E — S

and the integrand transforms

e —y ¢ E
EUCLIDEAN PATH INTEGRAL

7y = /Dq)(x) e~ SELP
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computational approach 17

EUCLIDEAN PATH INTEGRAL

Ly = /Dgo(x) ezﬁ[@

probability for a field configuration (p(X)

importance sampled Monte Carlo

generate field configurations (on the space-time grid) according to the
probability above

i=1...N
obtain an ensemble of configurations {gﬂx}
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computing observables 18

an observable function of the field (e.g. a correlation function)

<O|O[§ﬁ] |O> = /Dgo O[¢] o~ SEL9]

can now be estimated as an average over the ensemble

_ 1 X .
A\ ~ . Z
(0[0[¢][0) O =+ }_Olp"]
N &
1=1
and the uncertainty due to the finite ensemble _ 1 N A1 A2
can be estimated via the variance on the mean e(0) = \ N(N —1) Z; (O[go( )] - O)

ENSEMBLE MEAN & ERROR

(0/0[9}[0) ~ O+ ¢(0)
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two-point correlation functions 19

consider <O‘Of(t) Oj (O) |O>

and since time evolution _ Ht _ 4t
in Euclidean time is O(t) — € O(O)e

wehave  (0|Of(t) OF(0)[0) = (0]O4(0) e~ OF (0)]0)

En|n)
[

and thus (0| Of(t) OF (0)|0) =} e " (0|Of(0) |n) (n]| O] (0)]0)

now let’s assume the
Hamiltonian has a complete
set of discrete eigenstates

Hln)
1
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20

what about QCD ?
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quantum chromodynamics 21
gauge theory with SU(3) ‘color’ symmetry
QCD LAGRANGIAN QCD FIELDS
s 1 v .
L = l/)(l’)"uD‘u — m)llJ — ztr(FwFV ) C :':Zl(;i_];dex
quark 1 x)
field %
gauge D ) A Dirac spin index
iant — a=1..4
derivative M u T 184y
strefwig’iﬂ FI’“‘V — a}”AV o aVAV traceless
. . 4..---matrix in
tensor + 19 [Ay/ Av} gluon AZ] color space
field 417 (X )
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quantum chromodynamics 22

gauge theory with SU(3) ‘color’ symmetry

relativistic fermions

QCD LAGRANGIAN L@(Wyay — m)gb
L=y(iy"D, —m)p — %tr(FwFW)

[ color vector current |
D) A”
gauge . | & (llj’)/ t l/)) 1
Snive D = O Tig Ay S -
strength Fyv = 0y Av — v Ay, [ massless gluons
ensor ' 2
t _|_ Zg [A‘u’ Av] I (ayAy - aMAV)

e S— ———

gluon self interactions
|2[A, A]0A  ¢2([A, A])°
S

e ———
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QCD on a lattice 23

the QCD action in Euclidean space-time reads
_ 4. - 1 ra ra

and we’d like to discretize this on a hypercubic grid

quark fields take (spinor) values on the sites of the grid 1/)26 (xy /| n;u)

derivatives can be constructed as finite differences

e.g. 3f (x) = 5 (f(x+a) — f(x —a))

but what shall we do with the gluon fields ... ?
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‘parallel transporters’ & gauge invariance 24

in the continuum theory - consider a quark-antiquark ° l/JZ (X)
field pair separated by some distance

¢ (v)

can perform different

the combination 1_/)] (y) 5]-1- 1_/)i ( x) is not gauge-invariant local gauge transformations

at xand y

a gauge-invariant combination is

sl

—

‘Wilson line’ @J (y)

transports the color
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gauge links 25

on the lattice - can only make hops
to neighboring sites

shortest path between igaAy(x)
neighboring sites = a ‘link’ —> { €

SU(3) matrix on each
link of the lattice

IR—

e
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lattice QCD action 26

gauge invariant version of a finite difference:

P(x) Yy Up (x) p(x + pra) — () v Uy, (x — fa) (x — fra)

o 20970 +igAu) Y

... using constructions like these can build discretized actions ...

SE™ = P, My (U] )
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integrating out the quarks 27

it’s possible to perform exactly the fermion integration in the path integral

Sp = Sferm | g87U8C — yM Uy + SEE (U]

/Dt/}D@DU e OF — /DU e_Sﬁauge[U] Wq)e Py MU ]

= det M|U|

/ DYDYDU e~ 5F = / DuEietM[U] Sﬁauge[U]

S —

can treat this as the
probability for configuration uﬂ (X)
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integrating out the quarks 28

what happens to correlation functions ?

(ol " Wi [Dyp7ou y (0§ ) e

correlation between
a quark field at x of color i and spin a
and
a quark field at y of color j and spin B

[ PyDFDU i (x) FF (y) e = [DUeSETW / DYDY i (x) " (y) e MUY

X,y S

the probability distribution

= [M—l[u]}i“'fﬁ will need to compute
X,y this on every configuration
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a simple meson correlation function 29

consider an actually useful correlation function

(01X 5w (%, )[pr59(0,0)[0)

prOJected into pseudoscalar
zero momentum quantum numbers
— — V¢ [M—lu}q {M_ll/l} )
{% ' [ ] 00,xt 5 [ ] xt,00 15
N |
i[M | Hyt’,a_c’t Pzr = 0 0r
~1 H h
- | Prr = {M[u]_l} -
Y5 Y5 | %t,00
~ M —1 - r linear system
f 0 L o Iof the for:rTl Ax=bj B
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a simple meson correlation function 30

in fact there are much better ways to
compute hadron correlation functions

... sSmearing the quark fields ...
... distillation ... PRD80 054506 (2009)
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the approximations

31

of course we are making approximations in order to make this practical

the lattice spacing plays multiple roles:
1

it’s a momentum/energy cutoff A ~ —
a

it appears as a scale when computing
dimensionfull quantities m=am

its size controls discretization errors

X(a) = X(0)+aAX; +a*>AXp + ...

[ < o we calculate in a finite volume

provided L[ > 1 the effects are manageable
My

in fact we’ll use the finite volume as a tool

)
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the approximations 32

of course we are making approximations in order to make this practical

g > mghys calculating det M[U]

or ]\/I_1 [U] takes a lot of computer power

and the amount increases dramatically as the quark mass reduces

most current calculations use
heavier than physical quarks

in principal all these are controlled approximations
that can be overcome

e.g. compute at multiple a values and extrapolate
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extracting a spectrum

Jozef Dudek
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two-point correlation functions 34

consider <O‘Of(t) Oj (O) |O>

and since time evolution _ Ht _ 4t
in Euclidean time is O(t) — € O(O)e

wehave  (0|Of(t) OF(0)[0) = (0]O4(0) e~ OF (0)]0)

En|n)
[

and thus (0| Of(t) OF (0)|0) =} e " (0|Of(0) |n) (n]| O] (0)]0)

now let’s assume the
Hamiltonian has a complete
set of discrete eigenstates

Hln)
1
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two-point correlation functions 35

(0|04 (t) OF(0)|0) = Ye E) 0|04 (0) |[n ([ OF (0) [0}

no_. :
time dependence amplitude to
determined produce state n
by the energy
spectrum

ebol C(t)

O
O
O 4
O
O
DDD[]

uuuuz@@@@§§§§§§%%%ﬂ]%
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two-point correlation functions 36

(0|04 (t) OF(0)|0) = Ye E) 0|04 (0) |[n ([ OF (0) [0}

n

time dependence amplitude to
determined produce state n
by the energy

spectrum

ENSEMBLE DISTRIBUTION

C(Z()at)

O
OLD DOMINION hadron resonances from QCD | summer wkshp on reaction theory Jeff,gon Lab
o

UNIVERSITY




extracting the spectrum 37

(0|0 () OF(0)[0) = Y e~ " (0] O£ (0)[n) (n| O (0)[0)

2 :
doing X fits to single correlator to get the excited spectrum doesn’t work well

e.g. suppose two states
are nearly degenerate

there is a powerful approach which uses a basis of operators
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extracting the spectrum 38

(0|0 () OF(0)[0) = Y e~ " (0] O£ (0)[n) (n| O (0)[0)

there is a powerful approach which uses a basis of operators

Pysy

, _ <—
e.g. the following operators all have ~
the quantum number of the pion l/J,YO,YS Y D 17b
—_ —,\a
Yyt - B

and each has a different amplitude to T
interpolate the pion from the vacuum <7T| O ‘O>

presumably some linear combination is optimal to interpolate the pion

Q;rT — Zi UiO;-I-

and some other linear combination is optimal for the first excited state, and so on ...

O
OLD DOMINION hadron resonances from QCD | summer wkshp on reaction theory Jeffgon Lab
o

UNIVERSITY




‘generalized eigenvalue problem’ 39

it turns out that this can be cast as a variational problem with solution
C(t)o" = An(t)C(tg)o"

with C(t) a matrix of correlation functions
_ , T
Cij(t) = (0|O;(t) ©; (0)]0)
the eigenvectors provide the optimal operator weights O" = Zi U? Oi

and the eigenvalues are related to the energies /\n (t) ~ e_En(t_tO)
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it works really well 40

twelve (m

L4 A X2/Ndof =1.16 L4 A Xz/Ndof =1.28 14 \ A X2/Ndof energy c—
12p e O 0 4 B = 0.1798(4) 12 . 1 4 Ba = 0.1896(6) 12 ) 2 4B leve lS E—]
10 S 10 e e 10 e e gt o P
0.8 0.8 0.8 ————
A~~~ 5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30 -
-_—
N—" i
: 14 )\3 XQ/]\;JOf i 32270 14 \ A4 XQ/Ndof i 078 14 \ A5 XZ/Ndof i 105 026
f 12 N ay By = 0.2270(8) 19 ay Bt = 0.2264(6) 19 a; Byt = 0.2326(8)
VN 1.0 R ﬁ§§§§§§§§}} 1.0 uo nnnnnnnnnnnnnnnn E§§§§§§}{ 1.0 R nn§E§§§{§§{{
_'SD 0.8 ‘ ‘ ‘ ‘ ‘ ‘ 0.8 ‘ ‘ ‘ ‘ ‘ ‘ 0.8 ‘ ‘ ‘ ‘ ‘ ‘ 0.24
| 5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30
E—
= .
c 14 A X2/Naot = 0.72 14 A x2/Naot = 0.75 14 \ X2 /Naot = 0.77 022 -
] 12 X ay Byt = 0.2507(14) 19 ay Bt = 0.2726(8) 12 a ay Byt = 0.2747(5)
\D) N { X
L . §§Eu{§{ I3z 10O e L= EEEEEIEEEEEEE}EE}{ L EE}{gii
08 ‘ ‘ ‘ ‘ 08 ‘ ‘ ‘ ‘ ‘ 08 ‘ ‘ ‘ ‘ ‘ ‘ O
5 10 15 20 25 30 10 15 20 25 30 5 10 15 20 25 30
————
1.4 2 1.4 2 1.4 2
X /Ndof =0.94 X /Ndof =1.04 X /Ndof =1.53
1.2 ) )\ ar By = 0.2808(7) 1.2 )\10 a; By = 0.2904(10) 12 )\1 1 ay Bl = 0.2927(7) 018 e=—
10 oo e STLLE: o i3l L .. [ ok e S S il {ﬂ
08 08 08
5 10 15 20 25 30 10 15 20 25 30 5 10 15 20 25 30 0.16 -
i’ t telli hat t b this i
1"'mM NOot telling you what quantum numpers 1S 1S ...
or what operators | used (will get to that later) ...
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what operators ? 41

consider charmonium and ignore (for now) decays of the charmonium states

since conventional wisdom suggests charmonium states are ¢C bound states

fermion bilinears would seem to be sensible operators

]PC

pysp 0T

@l[) 0+t

Yy, Yyovip 17
bysyip 1T
ProvsTiy 1T

but this rather limited - can we make a larger basis ... ?

e.g.
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fermion bilinears 42

<= — :
could include gauge-covariant derivatives Di — ai — ai — Zngi

=
e.g. P D;1 transforms like ]PC =1

has 3x3=9 elements

-
: . ke ?
e.g. Py ] Y transforms like ? 7 reducible

can construct irreducible operators by projecting into circular basis

’)’m — Zi 61‘(771)’)’1‘ é’(m m— ::1) = :\%[ ,::i,()}
D, = ) ei(m)ﬁ é(m =0) = [0,0,1]

_ <=
then e.g. <1m1; 1m» |2M> P Y, szll) is definitely a J=2 operator

PRL103 262001 (2009)
PRD82 034508 (2010)
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fermion bilinears 43

the Hadron Spectrum Collaboration has performed T+~ SPECTRUM

calculations with up to three derivatives )
a; E _

D s
0.7 }
0.6
05+

lowest 9 states from a - contains

26x26 correlator matrix 04 L+ J=1,3,4
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charmonium My ~ 391 MeV 44

1500 — [ |
B 4 - 4—+ B = ]
B - B - O—|—— 2+— -
u n _1_+ _
_ _ 3t+ g++ 37T i |
1000 — — - _
>
) u n n _
>
> - 2° 7 37~ —+ - . |
E - - - —
|
S 500 | - - _ ]
— ++
i 1T e i |
O—|-+
OpF— 1 = - _
0—+

JHEPO7 126 (2011)

.. lots of interegting physics here, but [ don’t have the time ...
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but what about resonances ? 45

| previously said: but the QCD spectrum should be continuous !

PHYSICAL REVIEW D VOLUME 7, NUMBER 5§ 1 MARCH 1973

nw Partial-Wave Analysis from Reactions 7'p = #'n"A™ and n'p - K'K A*" at 7.1 GeV/ct

’
NOwW let S assume the S. D. Protopopescu,* M. Alston-Garnjost, A. Barbaro-Galtieri, S. M. Flatté,{

Hamiltonian has a complete T Lanorence Bevbeley Laboratory, Univpredy of Colformin, Bomtriey o ommie oymaits
set of discrete eigenstates (Recelved 25 September 1972)
2000 —————————————————
A ; continuous spectrum |
H ‘(1> — En‘t‘t> » of “nmt” eigenstates
1500 |
| b 4
L= [n)(n S *
1000 -
n ! p ! .
* .
3
* ooy ~

500 [ ¢ 1
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but what about resonances ? 46

the QCD spectrum should be continuous !

PHYSICAL REVIEW D VOLUME 7, NUMBER 5§ 1 MARCH 1973

nw Partial-Wave Analysis from Reactions 7'p = n'n"A"" and n'p = K'K"A*" at 7.1 GeV/ct

S. D. Protopopescu,* M. Alston-Garnjost, A. Barbaro-Galtieri, S. M. Flatté,{
J. H. Friedman,§ T. A. Lasinski, G. R. Lynch, M. S. Rabin, || and F. T. Solmitz
Lawrence Berkeley Laboratory, University of California, Berkeley, California 94720
(Received 25 September 1972)

1 —

p resonance as |
enhancement in |
it scattering

1500+

1000

500
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but what about resonances ? 47

PARTIAL WAVE AMPLITUDE
angular

dependence 1

fe(E) = = (GZi(Sg(E) —1)

2000 e
i
5 or ‘
00T i 7 RESONANT PHASE SHIFT
| t ﬁ 180L —
1000?‘ t o E 4
' ! 135+ :
[ t ] [ |
. | | |
L *f 4 4 90[’ 1
500 + 1 01 |
| |
| l
0L
0.2

1.0 E
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scattering & physics in finite volume

Jozef Dudek

O
OLD DOMINION

UNIVERSITY

.geff;Zon Lab



one-dim quantum mechanics 49

free-particle momentum eigenstates QDP(X) ~ esz

consider a system of length L with periodic boundary conditions

quantized
momentum
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one-dim quantum mechanics 50

e consider scattering of two identical bosons separated by z

finite-range
potential V(Z)

1 d?y

m dz?

VEE) =By 0

outside the well

P(|z[ > R) ~ cos (plz| +(p))

(5(]9) elastic scattering phase-shift
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one-dim quantum mechanics 51

e consider scattering of two identical bosons separated by z

finite-range
potential V(Z)

A

z:_—L/Z z-:—R z=10 z-:R Z¥L/2
outside the well

¢(|z[ > R) ~ cos (plz| +4(p))

l iodic bound diti piob2 =) PL 4 5(p)
« apply a periodic boundary condition d — +4(p) =nm
W12 =Y [ 2
dz dz
discrete
energy
spectrum
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one-dim quantum mechanics 52

discrete
energy
spectrum
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one-dim quantum mechanics 53

discrete
energy
spectrum
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one-dim quantum mechanics 54

discrete
energy
spectrum

L
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one-dim quantum mechanics 55

discrete
energy
spectrum
. /2
e.g. a non-rel Breit-Wigner resonance tan 5(}9) — 5
Er —p*/m
E E
")
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one-dim quantum mechanics

56

discrete
energy
spectrum
. /2
e.g. a non-rel Breit-Wigner resonance tan 5(}9) — 5
Egr — p=/m

E

)
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3+1 dim quantum field theory 57

periodic boundary conditions in (x,y,z) — periodic cube — hypertoroid

_ L 27
allowed free particle momenta p = — [nx, ny, nz}

L

relationship between spectrum & elastic scattering phase-shift worked out by Luscher

somewhat complicated by lack
of full rotational symmetry (cube = sphere)

LUSCHER NPB354 (1991) 531

ignoring the complications for a moment, we get

o(E) [ E D)

known function

O
OLD DOMINION hadron resonances from QCD | summer wkshp on reaction theory Jeff,;%on Lab
o

UNIVERSITY




it |=2 scattering 58

experimentally, weak and repulsive
nrn [=2 PHASE-SHIFT

005 01 015 02 025 03 035 04 Dem/GeV’

0 X 7 X XI % x

X ¥ x X X _
_5_%\ 3 X E s =2
-10 E{\}}\ JQL
-20 { %

Ll

30}

.15}

de/°

35}

4oL
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it =2 scattering from lattice QCD 59

compute the spectrum of /=2 eigenstates with J* = 0*
= evaluate correlation functions with operators having these quantum numbers

what operators should we use ?
minimal quark content 777idd

since we expect the physics at low-energy to be it scattering,
how about operators resembling a pair of pions ?

ﬂ—zn ()
i.e. want large values of <t‘t| 0|0>

i C(t) _ Ze—Ent
n

‘ 2

(n]0[0)
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it =2 scattering from lattice QCD 60

compute the spectrum of /=2 eigenstates with J* = 0*
= evaluate correlation functions with operators having these quantum numbers

what operators should we use ?
minimal quark content 777idd

since we expect the physics at low-energy to be it scattering,
how about operators resembling a pair of pions ?

\P| to make a basis,

7‘(7'( — Z 7'( ﬁ ( p) consider different

relative momentum

for pion operators use the 7t 1000] 7T 1000
‘variationally optimal’
combinations 7t = Y v; (aT;d) 7t[100] 71[-100

711110] 7T[-1-10

7T111]71-1-1-1]

O
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it =2 scattering from lattice QCD 61

evaluate a matrix of correlation functions

+
Cip a1 = (0] OFx(t) O (0)[0)

formally integrate out the quark fields ...

need to compute the following quark propagation diagrams,
averaged over an ensemble of gauge configurations

e —
T It IT It
B U
e —
It It It It
e,
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an aside on the lattices 62

I’m going to present some results from a particular lattice QCD set-up  PRD79 034502 (2009)

“anisotropic Clover lattices”
lattice spacing in space directions: dg ~ (.12 fm
lattice spacing in time direction: d; ~ g /3.5 th_l ~ 6 GeV

three flavors of quark, two light & one strange

meg = -

exact isospin
Symmetry Mg ~ 391 MeV

h
et

multiple volumes: 163, 203, 243

~ 2.0, 2.5, 3.0 fm
an -~ 4, 5, 6
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it I=2 scattering from lattice QCD My ~391MeV 63

CltE

0.40t
non-interacting levels

o 2
0.35] = 2\/m%+ (%) 2

0.30F i o

T7T7'C7'C7l'

0.25

0.20+

0.15+
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it I=2 scattering from lattice QCD My ~391MeV 64

ik

0.25 "\

0.20} 5g(E) — fE(EI L)

015}  _
16 20 24

2
0.002 0.004 0.006 0008 001  0.012 (atp)

10 L

0¢=0
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moving frames - more information 65

in a finite-volume considering a moving frame contains extra info

... surely some migtake ?

length contraction along the direction of motion changes the quantization condition

(and also reduces

the symmetry group)

Gottlieb & Rumm. NPB450 (1995) 397
Kim et. al. NPB727 (2005) 218
& others

after a bit of group theory,
it’s quite easy to construct
the relevant operators

Orin" = YJC(P, A;F, P — )| (§) m* (P — )

Clebsch-Gordan for
irreducible representation
A of the ‘little-group’

p
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it I=2 scattering from lattice QCD M ~391MeV 66

—1[000] : ~—{[110]
08¢ 0.25} )
0.20} = 020l =
. i )
0.15 _ o 2
¢ e 0.15} | | |
1|6 26 2'4 16 20 24
-—1[100] —{[111]
0.25 | o = 0.251 =
) 0.20} = N
0.20 - -
- o 0.15}
015+ | “
16 20 24 1'6 2'0 2'4
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it I=2 scattering from lattice QCD My ~391MeV 67

. [000] : ~—[110]
T 0.25r
7 ) 0.201 )
015} a =
) ° 0.15F | |
16 20 24 16 20 24
° {[100] | ——1[111]

0.25 2
0.20 | 0 0.002 0.004 0.006 0.008 0.01 0.012 (Cltp)

: E
015F % }

16 1ol

o :
S :
< 20t I §
SRE:
PRD86 034031 (2012)
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it I=2 scattering from lattice QCD My ~391MeV 68

nm [=2 PHASE-SHIFT

005 01 015 02 025 0.3 035 04 Pom/GeV?

0 =X X x

X X X

f%,]\ :
L { }

b3
-20

de /°

-25

30}

0.002 0.004 0.006  -35¢
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it I=1 scattering from lattice QCD My ~391MeV 69

experimentally the =1 P-wave is qualitatively

different - there is a resonance RESONANT PHASE SHIFT
1801 —
I :
135{ :
[A] G PCy _ 1+(1—— '
p(770) 16UPC) =1t~ ) 5, 50! |
Mass m = 775.26 + 0.25 MeV 1 : |
Full width ' = 149.1 + 0.8 MeV 45[ +
’ |
0+ ]
0.0 05 1.0 I

but we’ll follow the same approach - first, compute the spectrum in finite volume ...
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it I=1 scattering from lattice QCD My ~391MeV 70

we can again consider a basis of mnr-like operators

but in isospin=1, we can also have a smaller quark content, iid

= why not supplement with a basis of 77’ [) . .. D constructions

formally integrate out the quark fields ...

more involved set of quark propagations:

but we’ve got the technology to accomplish this ...
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rest frame spectrum i~ 391MeV 71

h
\

0.20 | _
---------------------------------------------------------------------------- KK|,
0.18 |
0.16 |
2 o
e T | o
16 20 24 L/a
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in-flight spectra M ~ 1MV 72

I _
~—
020 | 020 | [1001’ A1 0.20 L [1001’ EZ
0.18 | 018} 3 0.18 |
0.16 | 0.16 | 0.16 |
0.14 | 0.14 + 014 |
16 20 24
0.20 020 | 020 | [1 10], B: I
0.18 | 0.18 | 0.18 |
0.16 | 0.16 | 016} 3
3
0.14 | 014+ 014
16 20 24
0.20 020 | 020 |
0.18 | 0.18 | 0.18 |
0.16 | 0.16 | 0.16 |
- "
014t - 014 F 014+
16 20 24 16 20 24 16 20 24
O
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it I=1 scattering from lattice QCD My ~391MeV 73

180
25 H1ZH |_§_|
A== ﬁi
150 - Fgég@*
120 |
i P =100,0,0
O
5 0 o Lfas=16 | F=[0,0,1
0 Ljas =20 P =10,1,1]
60 |- = A L/CLS:24 ﬁzlalal
P =10,0,2]
AT I ]
30 | o
WA
O
O —0—1 ilji | | |
0.14 0.15 0.16 0.17 0.18 0.19 a; Eerm

PRD87 034505 (2013)
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nirt P-wave phase-shift 74
Ienergy-dependent description I
180 1, ~ 391 Mev -
150 -
mpr = 854.1 £ 1.1 MeV
120 - g=95.80=x0.11
O\ 2 .3
‘_“—|4 90 L D= 5=k = 124 £ 0.6 MeV
i
o
60 - o L =19fm
o L =24fm
30 L a L =29fm
O | | | | |
800 850 900 950 1000 1050 F ./ MeV

O
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UNIVERSITY

hadron resonances from QCD | summer wkshp on reaction theory

PRD87 034505 (2013)
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it P-wave phase-shift

75

e —

Eljergy-dependent description l

180 4 ~ 391 MeV
. o o
150 [ AT T
& mp = 854.1 = 1.1 MeV
120 | g =5.80+0.11
@) A=O
\ 2 .3
‘_4? 00 L D= 2= —h = 124206 MeV
|| T TTZVR
~™ A=
Lo
60 F [
p(770) (A 16(UPC) =1+~ )
A Mass m = 775.26 + 0.25 MeV
30 L | Full width I = 149.1 + 0.8 MeV
O mpd S

O
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UNIVERSITY

950 1000
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coupled-channel scattering 81

but most experimental resonances can decay to more than one channel

elastic scattering is not enough, need to consider coupled-channel scattering
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coupled-channel scattering 82

scattering now described by an S-matrix

e.g. S p— _ _ — —_—

unitarity 4+
condition O S =1

or equivalently a t-matrix S =1 4 Zi\/ﬁ t\/ﬁ

phase ¢ 2ki

space Pij = i S
unitarity ~1 e _ thr
condition Im[t (S)L’j_ 51191(5)(9(5 5; )
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coupled nK, nK scattering 83

below n'’K threshold, a two-channel system

/ﬂK: S nK nK™ S :WK\

\ K2 § K nKZ S ZnK |

S — 62i57ﬂ<
ek, K { . phase-shifts & inelasticity
517 KK — H 8215,71( parameterization
g 2 (049
SnK,qK — Z\/l — e ( e k) __ 1 channels
T = uncoupled

experimentally:

S-wave: broad resonances ? k(700), K*o(1430)

P-wave: narrow resonance K*(892) all essentially decoupled from nK
D-wave: narrow resonance K*2(1430)

O
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coupled-channels in a finite-volume 84

there is again a discrete spectrum determined by the scattering amplitudes

1 HE, JHEP 0507 011

— . _ HANSEN, PRD86 016007

det {t (E) + 1p (E) —M (E, L)} =0 BRICENO, PRD88 094507
KnOWR Guo, PRD88 014051
‘kinematic’
functions

spectrum given by the values of E
which solve this equation

in the single-channel elastic case,
this becomes the Liischer condition
we had before
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computing the nK,nK spectrum in LQCD

85

operator basis :

qq -like
ul's=ul'D...Ds

TK-like

Y C(A, P; Py, P2) 7

1511752

O

IIIIIIIIII

formally integrate out the quark fields ...

WICK CONTRACTIONS

—
—

—
—

X

x

=

=

> 9
—

>
—

ANAD=L194

RVATANTAN D

=

=

QN
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the calculated nK,nK spectrum mr~391MeV 86

atEcm . Ai|‘
0.28 + . )
0.24 | -
[=]
020 b B B K
0.16 F  _ o 5 thr.
16 20 24 L/ag
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operator overlaps e~ (K| 87
E—
— nK pr—
atEcm - \. )A—|—
1= 1
. e
0.28 e =
T -
— x |5
[ -
IT TH—H
0.24 | - =
5 == _ =
e |0 -
= = | =
020 = E'%? -------------------- E__;T:H _________________ o ;
' |

16 20 24 L/ag
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coupled-channels in a finite-volume 88

there is again a discrete spectrum determined by the scattering amplitudes

det [t_l(E) +ip(E) — M(E, L)} =0

known
‘kinematic’
functions

spectrum given by the values of E
which solve this equation
if we have the energy levels — how do we find ¢(E) ?
for each energy level, 2N(N+1) unknowns = 3 in the two-channel case

so can’t just solve level-by-level like we did in the elastic case

how about parameterizing the energy dependence ?
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parameterizing t(E) 89

must be a unitarity-preserving parameterization

det [t_l(E) +ip(E) — M(E,L)] — 0

det [Re(t™!) HiIm(t™!) +ip @ =0

must vanish to real above
have solutions threshold

S-matrix constraints are
entering the game ...

e.g. K-matrix form

H(E) -+.

real function — 5. (E) e.g. Chew-Mandelstam form
l] Pz shown by lan

8i &
_ P2

e.g. 6 parameter “pole plus constant” form  K;;(E) = = Yij

with variables
m, $1, 92, Y11, Y12, Y22
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a cartoon of the minimization My ~391MeV 90

= o) i
S f _
ja) -
. M 100:‘
L ]
50
’.
° i
.'Af"f-— " " " A " ] " T r | —
.. - 0.20 022 0.24 0.26 0.28 517K
025} -
‘. \ 0
o
0.18
t .
[ ]
C
[ J
020} *. i' .' m 210(:
. \ X
L 0.25 ‘:
R
. =
s
=
0.25?5
° o 0.1 0.12 0.14 7‘1; 5
.. . * InK
045}
— . .
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S-wave amplitudes

91

180

150 +

120

90

60 -

30

0

30 L

o resonant (?) nK scattering

Te— 5t weak nK scattering

10 —

09 -
0.8 -
0.7 -

O
OLD DOMINION

UNIVERSITY

w \\ U weakly coupled
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spectra in moving frames M~ 391MeV 92

> 100 levels in the
usable energy region
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nK/nK coupled-channel scattering o~ 391MeV 93

describe all the finite-volume spectra

49.1
2
N = — — ().

S-WAVE nK/nK SCATTERING

180 |-
150 |-
K
50
120 |-
90 |-
60
30
0 \
K
577
30 | 0
I I I I I I T atEem
0.16 0.18 0.20 0.22 0.24 0.26 0.28
& © ‘e ‘e °°° ° ° 024 &
"~ é ° “® © e o 20 <
° ° ° 16
0.16 0.18 0.20 0.22 0.24 0.26 0.28
1.0 T T R T T T
M 77
09
08
0.7 I
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nK/nK coupled-channel scattering i~ 391MeV 94

are the result parameterization dependent ?

- try a range of parameterizations ...
S-WAVE nK/nK SCATTERING

180 -
150 +
571'K
120 | 0
=
90 |-
60 |
30
0 \
K
577
30 | 0
T T T T T T —at Eem
0.16 0.18 0.20 0.22 0.24 0.26 0.28
F 00 OO. .Q © 00 o . . . 24
° 8 ° % * e o 20 <
° . o 16
0.16 0.18 0.20 0.22 0.24 0.26 0.28
1.0 l T |M o —— ] n
09 |-
08
0.7 -

- gross features are robust
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nK/nK coupled-channel scattering i~ 391MeV 95

are the result parameterization dependent ?

- try a range of parameterizations ...
S-WAVE nK/nK SCATTERING

—1 . (n) n 180 |-
K (s) = Cij S ol
n=0 65"
120
g(p) (P) - i
. ( n n
Kij(s) =) R~ E Vij S @t
D o
0 \ 567K
PL | | | | —at Eem
0.16 0.18 0.20 0.22 0.24 0.26 0.28
& ® e ‘0™ °°° ° ° o 24

1.0 .I .I .lw ;I\ ?7
09 -
0.8 |-

0.7 -

- gross features are robust
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versus experimental scattering 96

S-WAVE nK—nK AMPLITUDE

LASS, NPB296 493

b2 E_>17K E—VWK
| .2 ™ . l I
0.8 E '§
: ~ 0.8 ~
0.6 .
as] o
04 = 0.4 —
0.2
& ~ 0
0 Q D
180 0.18 0.25) 0.22 0.24 0.26 g '50 _
o
150 |- : 5 100 —
120 E
Ps & 50 -
90 : 2 :
a 0 | | | [ [
" 08 1.0 1.2 14 1.6
30 M-+ (Gev/c?)
0 O
2

0.18 0 0.22 0.24 0.26

my ~ 391 MeV
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P-wave scattering 97

every irrep containing a subduction of 0,20 fovom S E1 00] As
the P-wave has a level very near the nk | - —— —
threshold 016 | : s -

16 20 24

0.20 F-resresrssssrmsnssmsns s E1 00] EE]
@t Fem [000] T4 0.16 *“WK“

028 | = ﬂ 16 20 24 Ljag
- : : P |[110] A
B E : ------ Ty,
0700 T n[-(:}thr. 0.16 | = 4,3
16 20 24 L/ag
........................................................................ T .
016 " | | 090 koo [110] By
16 20 24 L/ag
G [ g Yr-l-{-‘thr
° ° ° 0'1 i ° ¢ '
even when there isn’t a non-interacting ' '
16 20 24 L/ag
level nearby
S [t1101 8]
suggests a bound state near threshold A T
24 L/ag
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nK/nK scattering amplitudes 98

P-WAVE nK SCATTERING P-WAVE nK/nK SCATTERING
10~ or
" 10F ?K‘thr. o 163
o 203 20 -
a 243
05F
R — 10 |
S
§ 5
on 0
s 8
S
-10
T T T T —atEem
0.16 a 0.18 0.020 o 0.22 . 0.24;4 .
10 0.16 * 0.18 0.20 0.22 0.24:6q
: : |' : | | | T ] 77
0.162 0.164 0.166 0168 GtLicm g::
use a Breit-Wigner with r
a subthreshold mass
aym(K*) = 0.16482(15) vector quark mass accident that it lies
¢ = 5.93(30) bound-state so close to threshold ...

— 5.5(2) PDG
W 8phys. ( )
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nK/nK coupled-channel scattering 99

clear narrow resonance in D-wave scattering

D-WAVE nK/nK SCATTERING

180 |- e
T
03
150
120 |-
90 |-
60 |-
30
0 o —0 5 nkK
52
230 -
T T T T T T T T atEcm
0.16 0.18 0.20 0.22 0.24 0.26 0.28 0.30
o °° o 3 ‘e ° 24 o
° o o e ° e°° ° 20
0.16 0.18 0.20 0.22 0.24 0.26 0.28 0.30
1.0 T T r° T T T N
09
0.8 [
0.7
my ~ 391 MeV

( you might worry about ninK in this case )
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pole singularities 100

have analytic parameterizations of the scattering amplitudes
— can examine them for the presence of poles at complex s

2
Im[s] ) sheet | e
o \ v
Re[s]

sheet | Imprx Impyx
_I_ 1
| _ 4+
1 — —
A% + -
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pole singularities 101

have analytic parameterizations of the scattering amplitudes
— can examine them for the presence of poles at complex s

2
Im[s] sheet | x‘“@
(e

Re[s]
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pole singularities 102

have analytic parameterizations of the scattering amplitudes
— can examine them for the presence of poles at complex s

0
Im[s] o
e \ v

Re[s]
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pole singularities 103

have analytic parameterizations of the scattering amplitudes
— can examine them for the presence of poles at complex s

0
Im[s] o
e \ v

Re[s]
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singularity content

104

we find t-matrix poles in each partial-wave

COMPLEX ENERGY PLANE

m = Rey/sg / MeV

i
K3 narrow tensor
resonance

600 300 1000 1200 1400 1600
“““ TR sy SV
l K K Qﬁ %ﬁ
e e
< bound-state
= bound-state
3
g -300 |
~
I
—~
500 |- J=0
J=1 T broad scalar
J=2 ’  resonance
my ~ 391 MeV

O
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UNIVERSITY

hadron resonances from QCD | summer wkshp on reaction theory

PRL 113 182001
PRD 91 054008
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nK/nK S-wave resonance

105

« t-matrix pole position under variation of parameterization

0.14 0.16 0.18 0.20 0.22 0.24 0.26 0.28
| | o | o | | | o—l RG(CLt /80)

-0.02 |

-0.04 +
@ 006 - )
S sheet ||
N— - —0O—
= 008 i sheet I
~ LB
N _0.10 F %

-0.12

-0.14 |

O
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nK/nK S-wave virtual bound state 106

« t-matrix pole position under variation of parameterization

0.08 0.10 0.12 0.14 0.16 Re(atv/s0)
T T T T T O
&
K-matrix pole + const : o o
K-matrix pole + linear —O0— o
K~1 poly {1,0,1} —0— FOH

K~ poly {2,0,1}

o

@)

K~ poly {1,1,1}

]E

K~ poly {1,0,0}

K~! poly {2,0,0} oo

K~ poly {2,1,0}

o
O

©)

©)

@)

elastic scat. len.

elastic eff. range.

O
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what else can you do ?

107

with the current technology:

other two-body coupled-channel problems ...

e.g. 711, KK (p resonance
n’

strongly coupled to both channels

KK molecule ?

O

OBELIX ao(980) K-MATRIX FIT

150}

100}

505- J
| Ecm

_50L
10

o\J

08l
06F

04}

02k

700 800 900 1000 1100 1200
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what else can you do ? 108

with the current technology: other two-body coupled-channel problems ...

e.g. 71y, KK (p resonance strongly coupled to both channels

7T17/ KK molecule ? first study by the
end of this year
(at mn~391 MeV)

e.g. 17T, KK, 17 fo resonances o, f0(980) ...

distant o pole

f0(980) as KK molecule ?
glueball contributions ?

e.g. 7TW... [ w stable at larger quark masses ]

axial resonance physics - coupled S,D-waves

... use quark mass dependence as a tool ...
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what else can you do ? 109

coupling to external currents

formalism exists to determine
the amplitude , v*7r— 7 o
Ap (s, Q%)

' -
/l/l/l/l / e

n/ \n

e.g.

residue at the pole is the
(unstable) p—my transition form-factor

(0) (QZ) (0)

coming soon to the arXiv ...
Raul Briceno et. al.
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what are the challenges ? 110

as you’ve heard, many resonances appear in three-hadron final states e.g.
a1 — 7TTITT
n(1295) — nrr
N* — N7

an open problem is:
how are three-body amplitudes related to the spectrum in a box ?

no complete formalism to date ... so naturally no explicit calculations
try simple channels first ?
Tt isospin=3 ~ non-resonant
T isospin=2

~ non-resonant 3-body
~ resonant 2-body ‘isobars’
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to conclude ... 111

lattice QCD is a controlled approximation to QCD

implement numerically on big computers

calculate correlation functions — spectra, matrix-elements

field theories in finite-volume have a discrete spectrum

but that spectrum is related to scattering amplitudes

calculate enough spectra and you can infer the scattering amplitudes

these methods now being applied

it elastic scattering
first determination of coupled-channel case: nK,nK

coupling to external currents: first calculation will appear soon y*m—nn

... in all cases utilize constraints from S-matrix theory ...
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thank you

Jozef Dudek
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