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AdS/QCD : Light-Front Holography

ABOUT THE SCHOOL

The 2015 International Summer Workshop is dedicated to
theory and phenomenology of scattering theory and its
application to data analysis of modern experiments in strong
interactions physics. As a new frontier in particle and
nuclear physics has opened up with advances in
experimental, theoretical and computational techniques
there is new demand for a qualitatively new level of
sophistication in data analysis never before achieved. These
require deep knowledge of the methods in relativistic
scattering theory. For at least two decades scattering theory
has essentially disappeared from the physics curriculum and
generations of physicists have been educated without this
basic knowledge. Few have working experience with topics

related to the analysis of relativistic reactions that involve aspects of Regge phenomenology, crossing relations and duality, analytic
continuations, dispersion relations, etc., and the phenomenological application of all these concepts.

The Workshop will consist of daily lectures from faculty in the morning, followed
by lab sessions devoted to practical implementation of reaction amplitudes in data
fitting using AmpTools and ROOT. There will also be opportunities for
participants to present their current research. The Workshop is dedicated in
memory of Tullio Regge who passed away on October 23, 2014. He discovered
the role of complex angular momentum singularities. Named after him, Regge
poles and cuts, determine asymptotic behavior of relativistic scattering amplitudes,
and the discovery led to the most successful phenomenology of high energy
collisions.
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Regge Theory Revisited

The Workshop is dedicated in memory of Tullio Regge who passed 
away on October 23, 2014. !
!
He discovered the role of complex angular momentum singularities.   
Named after him, Regge poles and cuts, determine asymptotic behavior 
of relativistic scattering amplitudes, and the discovery led to the most 
successful phenomenology of high energy collisions.!
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M2(n,L, S) = 42(n + L + S/2)

mu = md = 0 Regge Trajectories from AdS/QCD
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Figure 2: Orbital and radial baryon excitation spectrum. Positive-parity spin-12 nucleons (a) and

spectrum gap between the negative-parity spin-32 and the positive-parity spin-12 nucleons families

(b). Minus parity N (c) and plus and minus parity ∆ families (d), for
√
λ = 0.49 GeV (nucleons)

and 0.51 GeV (Deltas).

cluster. The predictions for the daughter trajectories for n = 1, n = 2, · · · are also shown in

this figure. Only confirmed PDG [23] states are shown. The Roper state N(1440) and the

N(1710) are well accounted for as the first and second radial excited states of the proton.

The newly identified state, the N(1900) [23] is depicted here as the first radial excitation of

the N(1720). The model is successful in explaining the parity degeneracy observed in the

light baryon spectrum, such as the L = 2, N(1680)−N(1720) pair in Fig. 2 (a). In Fig. 2

(b) we compare the positive parity spin-12 parent nucleon trajectory with the negative parity

7

42S=1/2, P=+ S=1/2, P=+

S=3/2, P=-

S=1/2, P=- S=1/2, 3/2

M2(n,LB) = 42(n + LB + 1)



Need a First Approximation to QCD 
!

 Comparable in simplicity to !
Schrödinger Theory in Atomic Physics

Relativistic, Frame-Independent, Color-Confining
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Light-Front Holography  
AdS/QCD 

Soft-Wall  Model 

!
Conformal Symmetry 

of the action  

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Light-Front Schrödinger Equation

de Teramond, Dosch, sjb

Semi-Classical Approximation to QCD 
Relativistic, frame-independent 
Unique color-confining potential 

Zero mass pion for massless quarks 
Regge trajectories with equal slopes in n and L 

Light-Front Wavefunctions



Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

!
Preserves Conformal Symmetry 

of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Unique !
Confinement Potential!

!
de Tèramond, Dosch, sjb

 ' 0.6 GeV

1/ ' 1/3 fm

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 	

without affecting conformal invariance of action!• Fubini, Rabinovici:

e'(z) = e+2z2
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Some Features of AdS/QCD

• Regge spectroscopy—same slope in n,L for mesons, 
baryons!

• Chiral features for mq=0: mπ =0, chiral-invariant proton!

• Hadronic  Frame-IndependentWavefunctions!

• Counting Rules for fall-off in momentum transfer!

• Connection between hadron masses and ⇤MS

Superconformal AdS Light-Front Holographic QCD: 	


Meson-Baryon Mass Degeneracy for LM=LB+1
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M2(n,LM ) = 42(n + LM )

Superconformal Algebra 

M2(n,LB) = 42(n + LB + 1)
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Figure 2: Supersymmetric meson-nucleon partners: Mesons with S = 0 (red triangles) and
baryons with S = 1

2 (blue squares). The experimental values ofM2 are plotted vs LM = LB+1.

The solid line corresponds to
√
λ = 0.53 GeV. The π has no baryonic partner.

between λB and λM . Only confirmed PDG states are included [23].

4.2 The Mesonic Superpartners of the Delta Trajectory

The essential physics derived from the superconformal connection of nucleons and

mesons follows from the action of the fermion-number changing supercharge operator

Rλ. As we have discussed in the previous section, this operator transforms a baryon with

angular momentum LB into a superpartner meson with angular momentum LM = LB+1

(See Appendix B), a state with the identical eigenvalue – the hadronic mass squared.

We now check if this relation holds empirically for other baryon trajectories.

We first observe that baryons with positive parity and internal spin S = 3
2 , such as

the ∆
3

2

+

(1232), and baryons with with negative parity and internal spin S = 1
2 , such

as the ∆
1
2

−

(1620), lie on the same trajectory; this corresponds to the phenomenological

assignment ν = LB + 1
2 , given in Table 1. From (12) we obtain the spectrum 10

M2(+)

n,LB,S= 3
2

= M2(−)

n,LB,S= 1
2

= 4

(

n+ LB +
3

2

)

λB. (44)

10For the ∆-states this assignment agrees with the results of Ref. [24].

14

Superconformal AdS Light-Front Holographic QCD (LFHQCD): 	

Identical meson and baryon spectra!

Meson-Baryon !
Mass Degeneracy !

for LM=LB+1

S=0, I=1 Meson is “superpartner” of S=1/2, I=1 Baryon
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⇢�� superpartner trajectories

Dosch, de Teramond, sjb

Regge would be impressed!
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Reggeon Exchange in the t-channel

MR ⇠ s↵R(t)FR(t) 1
2 [e�i⇡↵R(t) ± 1]

Signature factor C = ±1Need Hadron Wavefunctions



General remarks about orbital angular mo-
mentum
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ẑ

L = R⇥ P

Li = (xi
R⇤+b⇤i)⇥ P

P+ = P0 + Pz

xi = k+

P+ = k0+k3

P0+Pz

⇧(⌅, b⇤)

⇥ = d�s(Q2)
d lnQ2 < 0

u

ū
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Invariant under boosts!  Independent of P
μ 

Light-Front Wavefunctions:  rigorous representation of composite 
systems in quantum field theory
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Each element of  
flash photograph   
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along the light front  
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!

Evolve in LF time
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Fig. 1. Dirac’s three forms of Hamiltonian dynamics.

2.4. Forms of Hamiltonian dynamics

Obviously, one has many possibilities to parametrize space—time by introducing some general-
ized coordinates xJ (x). But one should exclude all those which are accessible by a Lorentz
transformation. Those are included anyway in a covariant formalism. This limits considerably the
freedom and excludes, for example, almost all rotation angles. Following Dirac [123] there are no
more than three basically different parametrizations. They are illustrated in Fig. 1, and cannot be
mapped on each other by a Lorentz transform. They differ by the hypersphere on which the fields
are initialized, and correspondingly one has different “times”. Each of these space—time parametriz-
ations has thus its own Hamiltonian, and correspondingly Dirac [123] speaks of the three forms of
Hamiltonian dynamics: The instant form is the familiar one, with its hypersphere given by t"0. In
the front form the hypersphere is a tangent plane to the light cone. In the point form the time-like
coordinate is identified with the eigentime of a physical system and the hypersphere has a shape of
a hyperboloid.

Which of the three forms should be prefered? The question is difficult to answer, in fact it is
ill-posed. In principle, all three forms should yield the same physical results, since physics should
not depend on how one parametrizes the space (and the time). If it depends on it, one has made
a mistake. But usually one adjusts parametrization to the nature of the physical problem to
simplify the amount of practical work. Since one knows so little on the typical solutions of a field
theory, it might well be worth the effort to admit also other than the conventional “instant” form.

The bulk of research on field theory implicitly uses the instant form, which we do not even
attempt to summarize. Although it is the conventional choice for quantizing field theory, it has

S.J. Brodsky et al. / Physics Reports 301 (1998) 299—486 315

Instant Form Front Form 

z0 = 1
⇥QCD

z�

� = 3 + L: conformal dimension of meson
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� = 3 + L: conformal dimension of meson
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Fixed ⇥ = t + z/c

� = ct� z

Evolve in  
light-front time!

Evolve in  
ordinary time

P.A.M Dirac, Rev. Mod. Phys. 21, 
392 (1949)

Dirac’s Amazing Idea: 
The “Front Form”

Boost Invariant!
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moment vanishes [22]. The light-cone formalism also properly incorporatesWigner boosts.

Thus this model of composite systems can serve as a useful theoretical laboratory to

interrelate hadronic properties and check the consistency of formulae proposed for the

study of hadron substructure.

7. Spin and orbital angular momentum composition of light-cone wavefunctions

In general the light-cone wavefunctions satisfy conservation of the z projection of

angular momentum:

J z =
n∑

i=1
sz
i +

n−1∑

j=1
lzj . (62)

The sum over sz
i represents the contribution of the intrinsic spins of the n Fock state

constituents. The sum over orbital angular momenta lzj = −i
(
k1j

∂
∂k2j

− k2j
∂

∂k1j

)
derives from

the n−1 relative momenta. This excludes the contribution to the orbital angularmomentum
due to the motion of the center of mass, which is not an intrinsic property of the hadron.

We can see how the angular momentum sum rule Eq. (62) is satisfied for the

wavefunctions Eqs. (20) and (23) of the QED model system of two-particle Fock states.

In Table 1 we list the fermion constituent’s light-cone spin projection sz
f = 1

2
λf, the boson

constituent spin projection sz
b = λb, and the relative orbital angular momentum lz for each

contributing configuration of the QED model system wavefunction.

Table 1 is derived by calculating the matrix elements of the light-cone helicity operator

γ +γ 5 [29] and the relative orbital angular momentum operator−i
(
k1 ∂

∂k2
− k2 ∂

∂k1

)
[16,30,

31] in the light-cone representation. Each configuration satisfies the spin sum rule: J z =
sz
f + sz

b + lz.

For a better understanding of Table 1, we look at the non-relativistic and ultra-relativistic

limits. At the non-relativistic limit, the transversal motions of the constituent can be

neglected and we have only the | + 1
2
⟩ → | − 1

2
+ 1⟩ configuration which is the non-

relativistic quantum state for the spin-half system composed of a fermion and a spin-1

boson constituents. The fermion constituent has spin projection in the opposite direction

to the spin J z of the whole system. However, for ultra-relativistic binding in which the

transversal motions of the constituents are large compared to the fermion masses, the

Table 1

Spin decomposition of the J z = + 1
2
electron

Configuration Fermion spin sz
f

Boson spin sz
b

Orbital ang. mom. lz

∣∣+ 1
2

〉
→

∣∣+ 1
2

+ 1
〉

+ 1
2

+1 −1
∣∣+ 1

2

〉
→

∣∣− 1
2

+ 1
〉

− 1
2

+1 0
∣∣+ 1

2

〉
→

∣∣+ 1
2

− 1
〉

+ 1
2

−1 +1

Conserved !
LF Fock state by Fock State
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In general the light-cone wavefunctions satisfy conservation of the z projection of

angular momentum:

J z =
n∑

i=1
sz
i +

n−1∑

j=1
lzj . (62)

The sum over sz
i represents the contribution of the intrinsic spins of the n Fock state

constituents. The sum over orbital angular momenta lzj = −i
(
k1j

∂
∂k2j

− k2j
∂

∂k1j

)
derives from

the n−1 relative momenta. This excludes the contribution to the orbital angularmomentum
due to the motion of the center of mass, which is not an intrinsic property of the hadron.

We can see how the angular momentum sum rule Eq. (62) is satisfied for the

wavefunctions Eqs. (20) and (23) of the QED model system of two-particle Fock states.

In Table 1 we list the fermion constituent’s light-cone spin projection sz
f = 1

2
λf, the boson

constituent spin projection sz
b = λb, and the relative orbital angular momentum lz for each

contributing configuration of the QED model system wavefunction.

Table 1 is derived by calculating the matrix elements of the light-cone helicity operator

γ +γ 5 [29] and the relative orbital angular momentum operator−i
(
k1 ∂

∂k2
− k2 ∂

∂k1

)
[16,30,

31] in the light-cone representation. Each configuration satisfies the spin sum rule: J z =
sz
f + sz

b + lz.

For a better understanding of Table 1, we look at the non-relativistic and ultra-relativistic

limits. At the non-relativistic limit, the transversal motions of the constituent can be

neglected and we have only the | + 1
2
⟩ → | − 1

2
+ 1⟩ configuration which is the non-

relativistic quantum state for the spin-half system composed of a fermion and a spin-1

boson constituents. The fermion constituent has spin projection in the opposite direction

to the spin J z of the whole system. However, for ultra-relativistic binding in which the

transversal motions of the constituents are large compared to the fermion masses, the

Table 1

Spin decomposition of the J z = + 1
2
electron

Configuration Fermion spin sz
f

Boson spin sz
b

Orbital ang. mom. lz

∣∣+ 1
2

〉
→

∣∣+ 1
2

+ 1
〉

+ 1
2

+1 −1
∣∣+ 1

2

〉
→

∣∣− 1
2

+ 1
〉

− 1
2

+1 0
∣∣+ 1

2

〉
→

∣∣+ 1
2

− 1
〉

+ 1
2

−1 +1

n-1 orbital angular momenta

Angular Momentum on the Light-Front

Gluon orbital angular momentum defined in physical lc gauge

Orbital Angular Momentum is a property of LFWFS

!
LC gauge

Nonzero Anomalous Moment  -->   
Nonzero  quark orbital angular momentum!

A+=0
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picture
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For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej

�
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 
, (10)

whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
1

2
⇥ (11)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i) +
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

,

F3(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
i

2
⇥ (12)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i)�
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤

⇧

�i,ci,fi

⇤
n⌃

i=1

�⌥ ⌥ dxi d2k⇧i

2(2⇤)3

⇥⌅

16⇤3�

�

1�
n⇧

i=1

xi

⇥

�(2)

�
n⇧

i=1

k⇧i

⇥

, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].
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Drell, sjb
A(⇤,�⌅) = 1
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d�e

i
2⇤�M(�,�⌅)

P+, �P⌅

xiP
+, xi

�P⌅+ �k⌅i

� = Q2

2p·q

x̂, ŷ plane

M2(L) ⇤ L

Must have �↵z = ±1 to have nonzero F2(q2)

-

� = 0

B(0) = 0 Fock-state-by-Fock state

qR,L = qx ± iqy

⇤(x, b⌅)

x

b⌅(GeV)�1

Identify z ⇤ ⇥ =
q
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Nonzero Proton Anomalous Moment --> 
Nonzero orbital  quark angular momentum

Exact LF Formula for Pauli Form Factor
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zero for q+ = 0

Calculation of Form Factors in  Equal-Time Theory

Instant Form

Calculation of Form Factors in  Light-Front Theory

Front Form

Absent for q+ = 0 zero !!

Need vacuum-induced currents

Complete Answer
No vacuum graphs
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Calculation of proton form factor in Instant Form 

• Need to boost proton wavefunction from p to p+q:  
Extremely complicated dynamical problem; even the 
particle number changes 

• Need to couple to all currents arising from vacuum!! 
Remains even after normal-ordering 

• Each time-ordered contribution is frame dependent 

• Divide by disconnected vacuum diagrams 

• Instant form:  acausal boundary conditions

< p + q|Jµ(0)|p >

p + qp p + qp



Other Features  of Light-Front Wavefunctions

• Cluster Decomposition Theorem 

• Zero Anomalous Gravitomagnetic Moment 

• Angular Momentum Jz 

• Jz Momentum Sum Rule  

• Bethe-Salpeter WF integrated over k- 

• Electron WFs reproduce pQED results 

• Parke-Taylor (Stasto) 

• Gauge Dependent WF but observables are GI 

• Stable hadron: Real LFWF 
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N-1N+1

N N

NN

Light-Front Wave Function Overlap Representation

See also: Diehl, Feldmann, Jakob, Kroll
DGLAP 

region

DGLAP 
region

ERBL 
region

Diehl, Hwang, sjb,  NPB596, 2001
DVCS/GPD

 Bakker & JI	

Lorce	

!



!
Scattering Theory and LF Quantization  Stan BrodskyScattering School!

University of Indiana  
June 11, 2015

• LF wavefunctions play the role of Schrödinger 
wavefunctions in Atomic Physics 

• LFWFs=Hadron Eigensolutions: Direct Connection to QCD 
Lagrangian 

• Relativistic, frame-independent: no boosts, no disc 
contraction, Melosh built into LF spinors  

• Hadronic observables computed from LFWFs: Form factors, 
Structure Functions, Distribution  Amplitudes, GPDs, TMDs, 
Weak Decays, .... modulo `lensing’ from ISIs, FSIs 

• Cannot compute current matrix elements using instant or 
point form from eigensolutions alone -- need to include 
vacuum currents! 

• Hadron Physics without LFWFs is like Biology without DNA!

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1



!
Scattering Theory and LF Quantization  Stan BrodskyScattering School!

University of Indiana  
June 11, 2015

• Hadron Physics without LFWFs is like Biology without DNA!

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1



For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

⇧

a

⌥
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j

ej

�
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 
, (10)

whereas the Pauli and electric dipole form factors are given by
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The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤
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where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].

6

For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej

�
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 
, (10)

whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
1

2
⇥ (11)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i) +
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

,

F3(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
i

2
⇥ (12)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i)�
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤

⇧

�i,ci,fi

⇤
n⌃

i=1

�⌥ ⌥ dxi d2k⇧i

2(2⇤)3

⇥⌅

16⇤3�

�

1�
n⇧

i=1

xi

⇥

�(2)

�
n⇧

i=1

k⇧i

⇥

, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].

6

For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej

�
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 
, (10)

whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
1

2
⇥ (11)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i) +
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

,

F3(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
i

2
⇥ (12)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i)�
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤

⇧

�i,ci,fi

⇤
n⌃

i=1

�⌥ ⌥ dxi d2k⇧i

2(2⇤)3

⇥⌅

16⇤3�

�

1�
n⇧

i=1

xi

⇥

�(2)

�
n⇧

i=1

k⇧i

⇥

, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].
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Nonzero orbital  quark angular momentum

Exact LF Formula for Pauli Form Factor



28

 
  

"Working with the light front is a process that is unfamiliar to physicists. "

But still I feel that the mathematical simplification that it introduces is all-important. "

I consider the method to be promising and have recently been making an extensive study of it. "

It offers new opportunities, while the familiar instant form seems to be played out " - 
P.A.M. Dirac (1977) "

P.A.M Dirac, Rev. Mod. Phys. 21, 392 (1949)
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In the language of light-cone quantization, the electron anomalous magnetic moment ae =
α/2π is due to the one-fermion one-gauge boson Fock state component of the physical
electron. An explicit calculation of the anomalous moment in this framework using Eq. (7)
was give in Ref. [8]. We shall show here that the light-cone wavefunctions of the electron
provides an ideal system to check explicitly the intricacies of spin and orbital angular
momentum in quantum field theory. In particular, we shall evaluate the matrix elements of
the QED energy–momentum tensor and show how the “spin crisis” is resolved in QED for
an actual physical system. The analysis is exact in perturbation theory. The same method
can be applied to the moments of structure functions and the evaluation of other local
matrix elements. In fact, the QED analysis of this section is more general than perturbation
theory. We will also show how the perturbative light-cone wavefunctions of leptons and
photons provide a template for the wavefunctions of non-perturbative composite systems
resembling hadrons in QCD.
The light-cone Fock state wavefunctions of an electron can be systematically evaluated

in QED. The QED Lagrangian density is

L = i

2

[
!ψγ µ

(−→
∂ µ + ieAµ

)
ψ − !ψγ µ

(←−
∂ µ − ieAµ

)
ψ
]
−m!ψψ − 1

4
FµνFµν, (17)

and the corresponding energy–momentum tensor is

T µν = i

4

([!ψγ µ
(−→
∂ ν + ieAν

)
ψ − !ψγ µ

(←−
∂ ν − ieAν

)
ψ
]
+ [µ←→ ν]

)

+ FµρF ν
ρ + 1

4
gµνF ρλFρλ. (18)

Since T µν is the Noether current of the general coordinate transformation, it is conserved.
In later calculations we will identify the two terms in Eq. (18) as the fermion and boson
contributions T

µν
f and T

µν
b , respectively.

The physical electron is the eigenstate of the QED Hamiltonian. As discussed in the
introduction, the expansion of the QED eigenfunction on the complete set |n⟩ of H0
eigenstates produces the Fock state expansion. It is particularly advantageous to carry out
this procedure using light-cone quantization since the vacuum is trivial, the Fock state
representation is boost invariant, and the light-cone fractions xi = k+

i /P+ are positive:
0< xi ! 1,

∑
i xi = 1. We also employ light-cone gauge A+ = 0 so that the gauge boson

polarizations are physical. Thus each Fock-state wavefunction ⟨n|physical electron⟩ of
the physical electron with total spin projection J z = ± 1

2 is represented by the function
ψJ z

n (xi, k⃗⊥i ,λi ), where

ki =
(
k+
i , k−i , k⃗⊥i

)
=
(

xiP
+,

k⃗2⊥i + m2
i

xiP+ , k⃗⊥i

)
(19)

specifies the momentum of each constituent and λi specifies its light-cone helicity in the z

direction. We adopt a non-zero boson mass λ for the sake of generality.
The two-particle Fock state for an electron with J z = + 1

2 has four possible spin
combinations:

∣∣Ψ ↑two particle
(
P+, P⃗⊥ = 0⃗⊥

)〉
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=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↑
+ 1
2 +1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↑
+ 1
2 −1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↑
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↑
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (20)

where the two-particle states |sz
f s

z
b; xP+, k⃗⊥⟩ are normalized as in (2). Here sz

f and sz
b

denote the z-component of the spins of the constituent fermion and boson, respectively.
The wavefunctions can be evaluated explicitly in QED perturbation theory using the rules
given in Refs. [5,8]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↑
+ 1
2+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
x(1− x)

ϕ,

ψ
↑
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
1− x

ϕ,

ψ
↑
− 12+1

(
x, k⃗⊥

)=−
√
2
(

M − m

x

)
ϕ,

ψ
↑
− 12−1

(
x, k⃗⊥

)
= 0,

(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1− x

M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)
. (22)

Similarly,
∣∣Ψ ↓two particle

(
P+, P⃗⊥ = 0⃗⊥

)〉

=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↓
+ 1
2+1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↓
+ 1
2−1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↓
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↓
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (23)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↓
+ 1
2+1

(
x, k⃗⊥

)
= 0,

ψ
↓
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2
(

M − m

x

)
ϕ,

ψ
↓
− 12+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
1− x

ϕ,

ψ
↓
− 12−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
x(1− x)

ϕ.

(24)

The coefficients of ϕ in Eqs. (21) and (24) are the matrix elements of

u(k+, k−, k⃗⊥)√
k+ γ · ϵ∗u(P+,P−, P⃗⊥)√

P+
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=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↑
+ 1
2 +1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↑
+ 1
2 −1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↑
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↑
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (20)

where the two-particle states |sz
f s

z
b; xP+, k⃗⊥⟩ are normalized as in (2). Here sz

f and sz
b

denote the z-component of the spins of the constituent fermion and boson, respectively.
The wavefunctions can be evaluated explicitly in QED perturbation theory using the rules
given in Refs. [5,8]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↑
+ 1
2+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
x(1− x)

ϕ,

ψ
↑
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
1− x

ϕ,

ψ
↑
− 12+1

(
x, k⃗⊥

)=−
√
2
(

M − m

x

)
ϕ,

ψ
↑
− 12−1

(
x, k⃗⊥

)
= 0,

(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1− x

M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)
. (22)

Similarly,
∣∣Ψ ↓two particle

(
P+, P⃗⊥ = 0⃗⊥

)〉

=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↓
+ 1
2+1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↓
+ 1
2−1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↓
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↓
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (23)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↓
+ 1
2+1

(
x, k⃗⊥

)
= 0,

ψ
↓
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2
(

M − m

x

)
ϕ,

ψ
↓
− 12+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
1− x

ϕ,

ψ
↓
− 12−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
x(1− x)

ϕ.

(24)

The coefficients of ϕ in Eqs. (21) and (24) are the matrix elements of

u(k+, k−, k⃗⊥)√
k+ γ · ϵ∗u(P+,P−, P⃗⊥)√

P+
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=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↑
+ 1
2 +1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↑
+ 1
2 −1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↑
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↑
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (20)

where the two-particle states |sz
f s

z
b; xP+, k⃗⊥⟩ are normalized as in (2). Here sz

f and sz
b

denote the z-component of the spins of the constituent fermion and boson, respectively.
The wavefunctions can be evaluated explicitly in QED perturbation theory using the rules
given in Refs. [5,8]:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↑
+ 1
2+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
x(1− x)

ϕ,

ψ
↑
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
1− x

ϕ,

ψ
↑
− 12+1

(
x, k⃗⊥

)=−
√
2
(

M − m

x

)
ϕ,

ψ
↑
− 12−1

(
x, k⃗⊥

)
= 0,

(21)

where

ϕ = ϕ
(
x, k⃗⊥

)
= e/

√
1− x

M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)
. (22)

Similarly,
∣∣Ψ ↓two particle

(
P+, P⃗⊥ = 0⃗⊥

)〉

=
∫

d2k⃗⊥ dx√
x(1− x)16π3

[
ψ
↓
+ 1
2+1

(
x, k⃗⊥

)∣∣+ 1
2 + 1; xP+, k⃗⊥

〉

+ψ
↓
+ 1
2−1

(
x, k⃗⊥

)∣∣+ 1
2 − 1; xP+, k⃗⊥

〉
+ψ

↓
− 12+1

(
x, k⃗⊥

)∣∣− 12 + 1; xP+, k⃗⊥
〉

+ψ
↓
− 12−1

(
x, k⃗⊥

)∣∣− 12 − 1; xP+, k⃗⊥
〉]

, (23)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ
↓
+ 1
2+1

(
x, k⃗⊥

)
= 0,

ψ
↓
+ 1
2−1

(
x, k⃗⊥

)
=−
√
2
(

M − m

x

)
ϕ,

ψ
↓
− 12+1

(
x, k⃗⊥

)
=−
√
2

(−k1 + ik2)
1− x

ϕ,

ψ
↓
− 12−1

(
x, k⃗⊥

)
=−
√
2

(+k1 + ik2)
x(1− x)

ϕ.

(24)

The coefficients of ϕ in Eqs. (21) and (24) are the matrix elements of

u(k+, k−, k⃗⊥)√
k+ γ · ϵ∗u(P+,P−, P⃗⊥)√

P+

x,

~

k?

1� x,�~

k?

Sz
� = ±1

Sz
e = ±1

2

Jz
e = +

1
2
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The one-loop model can be further generalized by applying spectral Pauli–Villars
integration over the constituent masses. The resulting form of light-cone wavefunctions
provides a template for parameterizing the structure of relativistic composite systems and
their matrix elements in hadronic physics.
The Pauli form factor is obtained from the spin-flip matrix element of the J+ current.

From Eqs. (6), (20), and (23) we have

F2(q
2) = −2M

(q1 − iq2)
〈
Ψ ↑
(
P+, P⃗⊥ = q⃗⊥

)∣∣Ψ ↓
(
P+, P⃗⊥ = 0⃗⊥

)〉

= −2M
(q1 − iq2)

∫
d2k⃗⊥ dx
16π3

[
ψ
↑ ∗
+ 1
2−1

(
x, k⃗′⊥

)
ψ
↓
+ 1
2−1

(
x, k⃗⊥

)

+ψ
↑ ∗
− 12+1

(
x, k⃗′⊥

)
ψ
↓
− 12+1

(
x, k⃗⊥

)]

= 4M
∫
d2k⃗⊥ dx
16π3

(m−Mx)

x
ϕ
(
x, k⃗′⊥

)∗ϕ
(
x, k⃗⊥

)

= 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

× 1
M2 − ((k⃗⊥ + (1− x)q⃗⊥)2 + m2)/x − ((k⃗⊥ + (1− x)q⃗⊥)2 + λ2)/(1− x)

× 1
M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)

. (30)

Using the Feynman parameterization, we can also express Eq. (30) in a form in which the
q2 =−q⃗ 2⊥ dependence is more explicit as

F2(q
2) = Me2

4π2

1∫

0

dα
1∫

0

dx
m− xM

α(1− α) 1−x
x q⃗ 2⊥ −M2 + m2

x + λ2
1−x

. (31)

The anomalous moment is obtained in the limit of zero momentum transfer:

F2(0) = 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

1
[M2 − (k⃗ 2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)]2

= Me2

4π2

1∫

0

dx
m− xM

−M2 + m2
x + λ2

1−x

, (32)

which is the result of Ref. [8]. For zero photon mass andM = m, it gives the correct order
α Schwinger value ae = F2(0) = α/2π for the electron anomalous magnetic moment for
QED.
As seen from Eqs. (13) and (14), the matrix elements of the double plus components of

the energy–momentum tensor are sufficient to derive the fermion and boson constituents’
form factors Af,g(q

2) and Bf,g(q
2) of graviton coupling to matter. In particular, we shall

verify A(0) = Af(0) + Ab(0) = 1 and B(0) = 0.
The individual contributions of the fermion and boson fields to the energy–momentum

form factors in QED are given by
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From Eqs. (6), (20), and (23) we have

F2(q
2) = −2M

(q1 − iq2)
〈
Ψ ↑
(
P+, P⃗⊥ = q⃗⊥

)∣∣Ψ ↓
(
P+, P⃗⊥ = 0⃗⊥

)〉

= −2M
(q1 − iq2)

∫
d2k⃗⊥ dx
16π3

[
ψ
↑ ∗
+ 1
2−1

(
x, k⃗′⊥

)
ψ
↓
+ 1
2−1

(
x, k⃗⊥

)

+ψ
↑ ∗
− 12+1

(
x, k⃗′⊥

)
ψ
↓
− 12+1

(
x, k⃗⊥

)]

= 4M
∫
d2k⃗⊥ dx
16π3

(m−Mx)

x
ϕ
(
x, k⃗′⊥

)∗ϕ
(
x, k⃗⊥

)

= 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

× 1
M2 − ((k⃗⊥ + (1− x)q⃗⊥)2 + m2)/x − ((k⃗⊥ + (1− x)q⃗⊥)2 + λ2)/(1− x)

× 1
M2 − (k⃗2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)

. (30)

Using the Feynman parameterization, we can also express Eq. (30) in a form in which the
q2 =−q⃗ 2⊥ dependence is more explicit as

F2(q
2) = Me2

4π2

1∫

0

dα
1∫

0

dx
m− xM

α(1− α) 1−x
x q⃗ 2⊥ −M2 + m2

x + λ2
1−x

. (31)

The anomalous moment is obtained in the limit of zero momentum transfer:

F2(0) = 4Me2
∫
d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

1
[M2 − (k⃗ 2⊥ + m2)/x − (k⃗ 2⊥ + λ2)/(1− x)]2

= Me2

4π2

1∫

0

dx
m− xM

−M2 + m2
x + λ2

1−x

, (32)

which is the result of Ref. [8]. For zero photon mass andM = m, it gives the correct order
α Schwinger value ae = F2(0) = α/2π for the electron anomalous magnetic moment for
QED.
As seen from Eqs. (13) and (14), the matrix elements of the double plus components of

the energy–momentum tensor are sufficient to derive the fermion and boson constituents’
form factors Af,g(q

2) and Bf,g(q
2) of graviton coupling to matter. In particular, we shall

verify A(0) = Af(0) + Ab(0) = 1 and B(0) = 0.
The individual contributions of the fermion and boson fields to the energy–momentum

form factors in QED are given by
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The one-loop model can be further generalized by applying spectral Pauli–Villars
integration over the constituent masses. The resulting form of light-cone wavefunctions
provides a template for parameterizing the structure of relativistic composite systems and
their matrix elements in hadronic physics.
The Pauli form factor is obtained from the spin-flip matrix element of the J+ current.

From Eqs. (6), (20), and (23) we have

F2(q
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(q1 − iq2)
〈
Ψ ↑
(
P+, P⃗⊥ = q⃗⊥

)∣∣Ψ ↓
(
P+, P⃗⊥ = 0⃗⊥

)〉

= −2M
(q1 − iq2)

∫
d2k⃗⊥ dx
16π3

[
ψ
↑ ∗
+ 1
2−1

(
x, k⃗′⊥

)
ψ
↓
+ 1
2−1

(
x, k⃗⊥

)

+ψ
↑ ∗
− 12+1

(
x, k⃗′⊥

)
ψ
↓
− 12+1

(
x, k⃗⊥

)]

= 4M
∫
d2k⃗⊥ dx
16π3

(m−Mx)

x
ϕ
(
x, k⃗′⊥

)∗ϕ
(
x, k⃗⊥

)
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d2k⃗⊥ dx
16π3

(m− xM)

x(1− x)

× 1
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which is the result of Ref. [8]. For zero photon mass andM = m, it gives the correct order
α Schwinger value ae = F2(0) = α/2π for the electron anomalous magnetic moment for
QED.
As seen from Eqs. (13) and (14), the matrix elements of the double plus components of

the energy–momentum tensor are sufficient to derive the fermion and boson constituents’
form factors Af,g(q

2) and Bf,g(q
2) of graviton coupling to matter. In particular, we shall

verify A(0) = Af(0) + Ab(0) = 1 and B(0) = 0.
The individual contributions of the fermion and boson fields to the energy–momentum

form factors in QED are given by

ae = F2(0) =
↵

2⇡

Simpler than Feynman/Schwinger

Anomalous gravitomagnetic moment vanishes: ↵
3⇡ �

↵
3⇡ = 0
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Prediction from AdS/QCD: Meson LFWF
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Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states
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Physical gauge: A+ = 0
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theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
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Exact frame-independent formulation of 
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where V is the interaction part of HLC. Diagrammatically, V involves completely 

irreducible interactions--i.e. diagrams having no internal propagators-coupling 

Fock states (Fig. 5). These equations determine the hadronic spectrum and 
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Figure 5. Coupled eigenvalue equations for the light-cone wa.vefunctious of a 

pion. 

wave functions. Although the potential is essentially trivial, the many channels 

required to describe an hadronic state make these equations very difficult to solve. 

Nevertheless the first attempts at a direct solution have been made. 

The bulk of the probability for a nonrelativistic system is in a single Fock 

state-e.g. (eE> for positronium, or Ibb) for the r meson. For such systems it 

is useful to replace the full set of multi-channel eigenvalue equations by a single 

equation for the dominant wavefunction. To see how this can be done, note that 

the bound state equation, say for positronium, can be rewritten as two equations 

using the projection operator P onto the subspace spanned by eE states, and its 

complement & E 1 - P: 

Hpp IPs)~ + HPQ IPs)~ = h4” IPs)p 

(29) 

H&p [Ps)~ + HQQ jP& = hf” h)g 

where H~Q E PHQ.. ., and lPsjp E P jPs) . . . . Solving the second of these 

equations for IPs)~ and substituting the result into the first equation, we obtain 

a single equation for the ee or valence part of the positronium state: 

Her [Ps)~ = Al2 IPS)P (30) 
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Minkowski space; frame-independent; no fermion doubling; no ghosts

Rigorous Method for Solving Non-Perturbative QCD!

• Light-Front Vacuum = vacuum of free Hamiltonian!



In terms of the hadron four-momentum P =
(P+, P�, ⌦P⇤) with P± = P0 ± P3, the light-
front frame independent Hamiltonian for a
hadronic composite system HQCD
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⇤, has eigenvalues given in terms of
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The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states
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Fig. 2. The Hamiltonian matrix for a SU(N)-meson. The matrix elements are represented by energy diagrams. Within
each block they are all of the same type: either vertex, fork or seagull diagrams. Zero matrices are denoted by a dot ( ) ).
The single gluon is absent since it cannot be color neutral.

mass or momentum scale Q. The corresponding wavefunction will be indicated by corresponding
upper scripts,

!!""
!#"

(x
#
, k

!
, !

#
) or !!$"

!#"
(x

#
, k

!
, !

#
) . (3.15)

Consider a pion in QCD with momentum P"(P%, P
!
) as an example. It is described by

"# : P$" $
!
!%&
!d[%

!
]"n : x

#
P%, k

!#
#x

#
P
!
, !

#
$!

!#!(x#
, k

!#
, !

#
) , (3.16)

where the sum is over all Fock space sectors of Eq. (3.7). The ability to specify wavefunctions
simultaneously in any frame is a special feature of light-cone quantization. The light-cone
wavefunctions !

!#! do not depend on the total momentum, since x
#
is the longitudinal momentum

fraction carried by the i"# parton and k
!#

is its momentum “transverse” to the direction of the
meson; both of these are frame-independent quantities. They are the probability amplitudes to find
a Fock state of bare particles in the physical pion.

More generally, consider a meson in SU(N). The kernel of the integral equation (3.14) is
illustrated in Fig. 2 in terms of the block matrix &n : x

#
, k

!#
, !

#
"H"n' : x'

#
, k'

!#
, !'

#
$. The structure of this

matrix depends of course on the way one has arranged the Fock space, see Eq. (3.7). Note that most
of the block matrix elements vanish due to the nature of the light-cone interaction as defined in
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Heisenberg Equation

Light-Front QCD DLCQ: Solve QCD(1+1) for any  
quark mass and flavors

Minkowski space; frame-independent; no fermion doubling; no ghosts
trivial vacuum

Hornbostel, Pauli, sjb
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Exclusive processes in perturbative quantum chromodynamics
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We present a systematic analysis in perturbative quantum chromodynamics (@CD) of large-momentum-transfer
exclusive processes. Predictions are given for the scaling behavior, angular dependence, helicity structure, and
normalization of elastic and inelastic form factors and large-angle exclusive scattering amplitudes for hadrons and
photons. We prove that these reactions are dominated by quark and gluon subprocesses at short distances, and thus
that the dimensional-counting rules for the power-law falloff of these amplitudes with momentum transfer are
rigorous predictions of @CD, modulo calculable logarithmic corrections from the behavior of the hadronic wave
functions at short distances. These anomalous-dimension corrections are determined by evolution equations for
process-independent meson and baryon "distribution amplitudes" Si(x, ,g) which control the valence-quark
distributions in high-momentum-transfer exclusive reactions. The analysis can be carried out systematically in
powers of a, (Q'), the QCD running coupling constant. Although the calculations are most conveniently carried
out using light-cone perturbation theory and the light-cone gauge, we also present a gauge-independent analysis
and relate the distribution amplitude to a gauge-invariant Bethe-Salpeter amplitude.

I. INTRODUCTION

In this paper we present a systematic analysis
in quantum chromodynamics (QCD) of exclusive
processes involving transfer of large momenta.
The results lead to a comprehensive new range of
rigorous predictions of perturbative QCD which
test both the scaling and spin properties of quark
and gluon interactions at large momentum as well
as the detailed structure of hadronic wave func-
tions at short distances. Predictions are possible
for a huge number of experimentally accessible
phenomena including the elastic and inelastic
electromagnetic and weak form factors of had-
rons, and, more generally, large-angle exclusive
scattering reactions where the interacting parti-
cles can be either hadrons or photons. We con-
firm that the dimensional-counting rules' for the
power-law falloff of these amplitudes at large mo-
mentum transfer are rigorous predictions of QCD,
up to calculable powers of the running coupling
constant &,(Q ) or (in@ /& ) . Angular depen-
dence, helicity structure, relative and sometimes
even the absolute normalization can be computed
for all such processes.
A simple picture emerges from our analysis of

these processes. For example, consider the
proton's magnetic form factor Gtt(Q ) at large
-q =Q . This is most easily understood in the
infinite-momentum frame where the proton is ini-
tially moving along the z axis and then is struck
by a highly virtual photon carrying large trans-
verse momentum qj. =-q . The form factor is the
amplitude for the composite hadron to absorb

large transverge momentum while remaining in-
tact. In effect, an intact" baryon can be pictured
as three valence quarks, each carrying some frac-
tion x; of the baryon's momentum(Q; tx,. = 1) and
all moving roughly parallel with the hadron. As
we shall see, the more complicated nonvalence
Fock states in the proton (i. e. , qqqqq, qqqg, . . . )
are unimportant as Q ~. The form factor is
then the product of three probability amplitudes:
(a) the amplitude P for finding the three-quark
valence state in the incoming proton; (b) the ampli-
tude &„ for this tluark state to scatter with the
photon producing three quarks in the final state
whose momenta are roughly collinear, ' and (c) the
amplitude P* for this final quark state to reform
into a hadron. Thus the magnetic form factor can
be written [see Fig. 1(a)]

p1 p1
Gn(Q') = ~' [dx] ~ [dy]e*(y;, Q,)Tn(xt, y;, 0)

&0 ~0

x4(xt q )[1+0(rrt'/q'. )]

where [dx]=- dxtdx2dxs5(1-Q, x,) and Q„= min;(x, .Q).
To leading order in &,(Q ), the "hard-scattering

amplitude" && is the sum of all Born diagrams
for y*+3q-Sq in perturbative QCD. The trans-
verse-momentum fluctuations of the quarks in the
initial and final protons are negligible relative to
qi, as are all particle masses. These can be ig-
nored in ~„so that in effect each hadron is re-
placed by collinear on-shell valence partons.
Since the final quarks are collinear, momentum
of 0(qi) -~ must be transferred from quark line
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FIG. 32. Sample vertex in light-cone perturbati, on
theory.

tex with the virtual external line are modified by
the replacement+„, k -Q„,k +q where the
light-cone energy q =(q +qi)/q is specifiedby
momentum conservation (and not by on-shell kine-
matics as is usual). Thus the form factor in Fig.
32 has energy denominators

(pl. —ki)' + 81' kl.'
Dg =p—,, ——,+i&,p'- k k'

q +qj. (pi+qj, - ki) +m kiD2=p + + + + —--+--+ig .P+q -k k

This rule is ec(uivalent to treating the (external)
virtual particle as an on-shell particle but with
mass q rather than m (=0 in Fig. 32). Ampli-
tudes having several external lines off shell are
analyzed in a similar fashion.

(T2) The contribution from each time-ordered
graph is separately invariant under boosts along
the 3 direction-i. e. , p'-&P', p -& p, pi-pi
for each momentum (internal and external) in the
diagram. Each time- ordered amplitude is also
invariant under transverse boosts: p'-p', p -p
+2pi'Qi+p'Qi, pi-pi+p'Qi for each momentum.
This is true in both Feynman and light-cone
gauges.
A particularly useful. spinor basis is constructed

from the eigenstates of the projection operators:

yy yy yy
4 2 2

= yy —yy yyA

where (A, ) =A„A,A, =0, A, =A, Ph, =A,P,
{j~»A, =A, », and P= ro, »—-=r ri. The eigenstates

of A, are

A.x =x~x(&)=, x(&)=, (A2)
1 0 1 1

and the associated spinor bases for particles and

TABLE II. Dirac matrix elements for the helicity spinors of Appendix A.

Matrix
element
gyi ' 'gg

Helicity (A, A')

g(p) + g(q)
y +)i/2 ~ (q+)i/2

g {p) g (q)
{p+)i/2 ~ {q+)i/2

g {p); g {q)
{p+)i/2 ~& {q+)i/2

g(p) g(q)
(p')"' (q')"'
g(p) - + - g(q)
(p+)i/2~ ~ ~ {q+)i/2

I

g{p) + i g(q)
{p+)i/2~ ~ +& {q+)i/2

g(p); + „g(q)
(p+ )i/2 VXV 7 (q+ )i/2

i +~ g(q)
(p+)f/2 73.7 l'3. (q+)f/2

2 2

p q+,(p~ q~ + ip» x q~ + m )

p,'+sr'~p~j q'+ se "q~
p q

(s'+ e)
p'q'+ {p~'q~ Esp~ xq~ + m )

x +&~ Pj.

q+

2{Bi~+ ie'~)

[(p sip )—(q +iq')]

+m
p +q+

Pi~ ip2 q yiq
p'

+, , [(pi +~p2) —(qi+iq2)]p q

(gil ~ ~gi2)p'
(gil g ~gi2)+

0

v p(p)7+ (q) =g (q)'Y+p(p)
~„(p)r"r'r'~. (q) = ~.(q)r'r'r+„(p)

vp(p)v p {q)= -gp(q)gp(p)



k1,λ1

k2,λ2

kn,λn

T

k(1 2...n),λ0

Figure 1: Pictorial representation of the fragmentation amplitude Tn[(1 2 . . .n)λ0 → 1λ1 , 2λ2 , . . . , nλn] for a single
off-shell initial gluon. Variables λ0, . . . , λn denote the polarization of the gluons. The initial gluon (1 . . .n) fragments
into n final state gluons 1, . . . , n. The vertical dashed line indicates that for this part of the diagram one needs to take
an energy denominator, i.e. the leftmost gluon is in an intermediate state. The other energy denominators which are
taken for the intermediate states inside the blob are implicit and are not shown in the picture.

state, for the example depicted in Fig. 1 it could be the initial state of the total graph to which the subgraph in Fig. 1
is attached. In the LFPT [6, 30, 31, 32, 33] one has to evaluate the energy denominators for each of the intermediate
states for the process. The energy denominator for say j intermediate gluons is defined as the difference between the
light-front energies of the final and intermediate state in question

D j =
∑

out
El −

j
∑

i=1
Ei . (1)

where

Ei(l) ≡ k−i(l) =
k2i(l)
k+i(l)
, (2)

are the light-front energies and the first sum represents a sum over the energies of all final state gluons present in the
fragmentation function. Furthermore, one has to sum over all possible vertex orderings. The fragmentation function
shown in example in Fig. 1 would thus be given schematically by the expression

Tn ∼
∑

vertex orderings
gn−1Πn−1j=1

Vj

z jD j
, (3)

where Vj are the vertices and z j and D j are the corresponding fractional momenta and denominators for all the
intermediate states. Note the important fact that for the fragmentation function depicted in Fig. 1 the first gluon is
not really an initial state. As mentioned above, it is understood that the fragmentation function is only a subgraph,
attached via this gluon to a bigger graph. Therefore, the leftmost gluon is in fact an intermediate state for which the
energy denominator, denoted by the dashed line, has to be taken into account. The rightmost gluons are the final
on-shell particles, and the energy denominator is not included there. Finally, one needs to sum over all the vertex
orderings in the light-front time. The results derived in [13] and in the following sections are for the color ordered
multi-gluon amplitudes. Hence, we focus only on the kinematical parts of the subamplitudes.

The fragmentation function for a special choice of the helicities was evaluated exactly in [13]. The explicit results
for the transition +→ + · · ·+ reads

Tn[(12 . . .n)+ → 1+, 2+, . . . , n+] = (−ig)n−1
(

z1...n
z1 . . . zn

)3/2 1
vn n−1vn−1 n−2 . . . v21

, (4)

where the variables vi j were defined as

vi j ≡
(k j
z j
−
ki
zi

)

, vi j ≡ ϵ(−) · vi j , (5)

and ϵ(−) will be defined shortly. It is well known [3, 30, 31] that on the light-front the Poincaré group can be decom-
posed onto a subgroup which contains the Galilean-like nonrelativistic dynamics in 2-dimensions. The ’+’ compo-
nents of the momenta can be interpreted as the ’masses’. In this case the variable (5) can be interpreted as a relative

3

transverse light-front velocity of the two gluons. The same variable is present when evaluating the energy denomina-
tors of different intermediate states. The above variable is closely related to the variables used in the framework of
helicity amplitudes, see [34].

For a given pair of momenta ki and k j we have the result

⟨i j⟩ = √ziz j ϵ(−) ·
(ki
zi
−
k j
z j

)

=
√ziz j ϵ(−) · vi j , [i j] = √ziz j ϵ(+) ·

(ki
zi
−
k j
z j

)

=
√ziz j ϵ(+) · vi j , (6)

where the variables ⟨i j⟩ and [i j] are defined by

⟨i j⟩ = ⟨i − | j+⟩ , [i j] = ⟨i + | j−⟩ , (7)

and where chiral projections of the spinors for massless particles are defined as

|i±⟩ = ψ±(ki) =
1
2
(1 ± γ5)ψ(ki) , ⟨±i| = ψ±(ki) , (8)

for a given momentum ki. Above, we have also introduced the polarization four-vector of the gluon with four-
momentum k

ϵ(±) = ϵ
(±)
⊥ +

2ϵ(±) · k
η · k

η , (9)

where ϵ(±)⊥ = (0, 0, ϵ(±)), and the transverse vector is defined by ϵ(±) = ∓ 1√
2
(1,±i). Vector η is related to the choice of

the light-cone gauge, η ·A = 0, where η µ = (0, 2, 0) in the light-front coordinates. It is interesting that in the light-front
formalism the variables ⟨i j⟩ appear naturally in the vertices and in the energy denominators.

The fragmentation functions introduced above possess an important property which will be widely utilized in
this paper. Namely, it was demonstrated in [13] that the fragmentation functions factorize after the summation over
all the light-front time orderings. This property can then be used to write down the explicit recursion formula for the
fragmentation functions. That is to say, the fragmentation into n+1 gluons which is denoted by Tn+1[(1, 2, . . . , n+1)→
1, 2, . . . , n + 1] can be represented as the product of two lower fragmentation functions Ti[(1 . . . i) → 1, . . . , i ] and
Tn+1−i[(i + 1 . . . n + 1)→ i + 1, . . . , n + 1]. Finally, one needs to sum over the splitting combinations. This procedure
is schematically expressed in Fig. 2 and, to be precise, the expression which reflects the factorization reads

Tn+1[(12 . . .n + 1)→ 1, 2, . . . , n + 1] = −
2ig
Dn+1

n
∑

i=1

⎧

⎪

⎪

⎨

⎪

⎪

⎩

v∗(1...i)(i+1...n+1)
√

ξ(1...i)(i+1...n+1)

× Ti[(1 . . . i)→ 1, . . . , i ] Tn+1−i[(i + 1 . . .n + 1)→ i + 1, . . . , n + 1]
⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (10)

Σi

k(1...i)

k(i+1...n+1)

ki+1
ki+2

kn+1

T

k1
k2

ki

T

V3

k(12...n+1)Tn+1 =

Figure 2: Pictorial representation of the factorization property represented in Eq. (10), a light-front analog of the
Berends-Giele recursion relations [22]. The helicities of the outgoing gluons are chosen to be the same in this partic-
ular case. The dashed vertical line indicates the energy denominator Dn+1.

The energy denominator Dn+1 in the above equation has been defined as

Dn+1 =
k21
z1
+
k22
z2
+ . . . +

k2n
zn
−
k21...n
z1...n

, (11)
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Cruz-Santiago & Stasto

Parke-Taylor amplitudes reflect LF angular momentum conservation

Cluster Decomposition Theorem for relativistic systems:    C. Ji & sjb
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|p,Sz>= ∑
n=3

ψn(xi, ~k?i,λi)|n;k?i,λi>|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

The Light Front Fock State Wavefunctions

Ψn(xi,~k?i,λi)

are boost invariant; they are independent of the hadron’s energy
and momentum Pµ.
The light-cone momentum fraction

xi =
k+
i
p+ =

k0i + kzi
P0+Pz

are boost invariant.
n

∑
i
k+
i = P+,

n

∑
i
xi = 1,

n

∑
i

~k?i =~0?.

sum over states with n=3, 4, ...constituents

Intrinsic heavy quarks    s̄(x) ⇤= s(x)

⇥M(x, Q0) ⇥
�

x(1� x)

⇤M(x, k2
⌅)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

ep⇥ e�+n

P�/p ⇤ 30%

Violation of Gottfried sum rule

ū(x) ⌅= d̄(x)

Does not produce (C = �) J/⇥,�

Produces (C = �) J/⇥,�

Same IC mechanism explains A2/3

s(x), c(x), b(x) at high x !
Deuteron: Hidden Color

Fixed LF time
⌧ = t + z/c



dσ
dt (γd! ∆++∆�)' dσ

dt (γd! pn) at high Q2

dσ
dt (γd! ∆++∆�)' dσ

dt (γd! pn) at high Q2

Lepage, Ji, sjb
• Deuteron six quark wavefunction:!

•  5 color-singlet combinations of 6 color-triplets -- one state  
is |n  p>!

• Components evolve towards equality at short distances!

• Hidden color states dominate deuteron form factor and 
photodisintegration at high momentum transfer!

• Predict 

Hidden Color in QCD
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TMDs

Charges

GTMDs

GPDs

TMSDs

TMFFs

Transverse density in 
momentum space

Transverse density in position 
space

Longitudinal 

Transverse

Momentum space Position space

Lorce, 
Pasquini

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

• Light Front Wavefunctions:                                   

+ Factorization-Breaking Lensing Corrections: Sivers, T-odd 



QCD and the LF Hadron Wavefunctions

DVCS, GPDs. TMDs

Baryon Decay

Distribution amplitude	

ERBL Evolution

Heavy Quark Fock States	
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Gluonic properties	

DGLAP

Quark & Flavor Struct

Coordinate space representation	
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Initial and Final State 
Rescattering	
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!
Non-Universal Antishadowing

Nuclear Modifications	

Baryon Anomaly	


Color Transparency

Hard Exclusive Amplitudes	

Form Factors	


Counting Rules
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AdS/QCD	

Light-Front Holography	


LF Schrodinger Eqn	
.

LF Overlap, incl ERBL 
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Orbital Angular Momentum	

Spin, Chiral Properties	


Crewther Relation

Hadronization at Amplitude Level
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•LF wavefunctions play the role of Schrödinger wavefunctions in Atomic Physics 

•LFWFs=Hadron Eigensolutions: Direct Connection to QCD Lagrangian 

•Relativistic, frame-independent: no boosts, no disc contraction, Melosh built into 
LF spinors  

•Hadronic observables computed from LFWFs: Form factors, Structure Functions, 
Distribution  Amplitudes, GPDs, TMDs, Weak Decays, .... modulo `lensing’ from ISIs, 
FSIs 

•Cannot compute current matrix elements using instant form from eigensolutions 
alone -- need to include vacuum currents! 

•Hadron Physics without LFWFs is like Biology without DNA!

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1



d p0
p

s + t + u = 2M2
p + 2M2

K

K�

K 0�

u

ū

u
u

s

ū

g

Reggeon Exchange in the t-channel

MR ⇠ s↵R(t)FR(t) 1
2 [e�i⇡↵R(t) ± 1]

Signature factor C = ±1



u

u

d

K+

p0

p

K+0s̄

u

 Constituent Interchange Model (CIM) 
Blankenbecler, Gunion, sjb (1972) 

Analog of 
(electron) spin 

exchange in 
atom atom 
scattering

easiest to compute u-channel exchange 
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Remarkable Light-Front Frame

Pµ = (P+, P�, ~P?) = (P+,
M2

p

P+
,~0?) Pµ0 = (P+,
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p + q2
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Kµ = (P+,
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?
P+

, ~q? + ~r?) Kµ0 = (P+,
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K + r2
?

P+
,~r?)

u = �~r2
?
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?

Ideal for  
QCD factorization proofs 

Single A+=0 GaugeBj: “Fool’s ISR Frame”

P
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CIM: Blankenbecler, Gunion, sjb
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AdS/CFT explains why  
quark interchange is 

dominant 
interaction at high 
momentum transfer 

in exclusive reactions

Non-linear Regge behavior:$
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(Spin exchange in atom-

atom scattering)
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Local two-photon couplings and the J ¼ 0 fixed pole in real and virtual Compton scattering
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The local coupling of two photons to the fundamental quark currents of a hadron gives an energy-

independent contribution to the Compton amplitude proportional to the charge squared of the struck

quark, a contribution which has no analog in hadron scattering reactions. We show that this local

contribution has a real phase and is universal, giving the same contribution for real or virtual Compton

scattering for any photon virtuality and skewness at fixed momentum transfer squared t. The t dependence
of this J ¼ 0 fixed Regge pole is parameterized by a yet unmeasured even charge-conjugation form factor

of the target nucleon. The t ¼ 0 limit gives an important constraint on the dependence of the nucleon mass

on the quark mass through the Weisberger relation. We discuss how this 1=x form factor can be extracted

from high-energy deeply virtual Compton scattering and examine predictions given by models of the H
generalized parton distribution.

DOI: 10.1103/PhysRevD.79.033012 PACS numbers: 13.40.Gp, 11.15.Tk, 11.55.Jy, 13.60.Fz

I. INTRODUCTION AND OVERVIEW

Exclusive hadron scattering processes at high energies
are well described by the exchange of Pomeron and Regge
exchanges. Regge theory, combined with the vector meson
dominance model, provides a useful description of real and
virtual high-energy photoproduction, single-photon pro-
cesses which at the QCD level describe photon dissociation
into quark-antiquark pairs which subsequently rescatter off
the target constituents. Vector meson dominance and con-
ventional Regge exchange, however, cannot account for
contributions to real or virtual Compton scattering where
two photons interact locally on the same quark of the
target.

The local coupling of two photons to the fundamental
quark current of a hadron leads to a contribution to the
Compton amplitude of the form

TJ¼0
!"ðqÞp!!"ðq0Þp0 ¼ %2e2FC¼þ

1=x ðtÞ! ' !0; (1)

where t ¼ ðp0 % pÞ2 is the square of the momentum trans-
ferred to the nucleon. The even charge conjugation ‘‘1=x’’
form factor FC¼þ

1=x ðtÞ is real for spacelike t. Unlike normal

Regge exchange, contributions to the Compton amplitude
which behave as "RðtÞs#RðtÞ, the J ¼ 0 fixed-pole contri-
bution is energy independent at any fixed t. Remarkably

TJ¼0 is also independent of the incident and final photon
virtualities q2 and q02 as well as the skewness $ ¼ %ðq2 þ
q02Þ=4p ' q for any given fixed t. It thus appears in real
photon scattering as well as virtual Compton scattering.
Because it has a real phase, the local contribution to virtual
Compton scattering has maximal interference with the
Bethe-Heitler bremsstrahlung contributions to ‘p !
‘0!p [1,2]. These amplitudes can also be measured in
timelike two-photon processes such as !"!" ! H !H and
!" ! H !H!. Because the J ¼ 0 contribution arises from
the local interactions of the two photons, there is no analog
in any hadron scattering amplitude, and thus it cannot be
obtained from models based on vector meson dominance.
Unlike normal Regge trajectories, the local two-photon
interaction only couples to scalar mesons in the t channel,
not a sum over states with progressively higher orbital
angular momentum. The isospin of the contributing scalar
mesons can be I ¼ 0, 1, and 2. (However, no isospin-2
meson, an exotic by necessity, is currently well
established).
In the case of the proton target, there are two C ¼ þ

amplitudes with the local J ¼ 0 structure: helicity-
conserving and helicity flip, analogous to the Dirac and
Pauli form factors. The FC¼þ

1=x ðtÞ form factor for each quark

flavor is obtained by summing over all quarks in the hadron
weighted by

P
e2q. The integrand also contains an extra

factor of 1=x relative to the Dirac and Pauli electromag-
netic form factor where x is the usual light-front fraction
x ¼ kþ=pþ ¼ ðk0 þ kzÞ=ðp0 þ pzÞ of the quark in the

*sjbth@slac.stanford.edu
†fllanes@fis.ucm.es
‡aszczepa@indiana.edu

PHYSICAL REVIEW D 79, 033012 (2009)

1550-7998=2009=79(3)=033012(20) 033012-1 ! 2009 The American Physical Society



pQCD predicts  the leading-twist 
scaling behavior of  fixed-CM angle 
exclusive amplitudes 

!
                                                                                      Polchinski and Strassler
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Counting Rules:!

Non-Perturbative Proof  from AdS/CFT:
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Scaling behavior in exclusive meson photoproduction from Je↵erson Lab at large

momentum transfers

Biplab Dey1

1
SLAC National Accelerator Laboratory, CA 94309, USA

(Dated: February 17, 2014)

With the availability of new high-statistics and wide-angle measurements for several exclusive
non-⇡N meson photoproduction channels (K+⌃0, K+⇤, ⌘p, ⌘0p, !p and �p) from Je↵erson Lab,
we examine the scaling law of 90� scattering in QCD that were originally derived in the high
energy perturbative limit. The data show scaling to be prominently visible even in the medium
energy domain of 2.5 GeV . p

s . 2.84 GeV, where
p
s is the center of mass energy. This is

consistent with the recent non-perturbative derivation of the same scaling laws using AdS/QCD.
While constituent quark exchange su�ces for pseudoscalar mesons, additional gluon exchanges from
higher Fock states of the hadronic wavefunctions appear be needed for vector meson production.
The case of the �(1020), where 2-gluon exchanges are known to dominate, is especially illuminating.

The recent non-perturbative derivation [1] of the
power-law behavior of hard scattering amplitudes by
Polchinski and Strassler using the AdS/QCD corre-
spondence has opened up new perspectives for non-
perturbative QCD. The original derivation of these
constituent-counting scaling laws [2, 3] was based on the
near conformal properties of perturbative QCD (pQCD).
The AdS/QCD calculation on the other hand, is an all-
orders non-perturbative result. The Polchinski-Strassler
results have also been shown to be applicable for the soft
wall model of color confinement based on the dilaton-
modified AdS metric [4]. It is therefore important to
investigate the experimental evidence of scaling in the
few GeV pQCD to non-pQCD transition energy regime.

Consider the exclusive process �p ! K+⇤. At high
energies, this is dominated by non-resonant t- and u-
channel processes. Fig. 1 shows a schematic view of the
t-channel exchange, where s = (pp+p�)2, t = (pp�p⇤)2,

u = (p� � p⇤)2, and pT ⇠
q

ut
s is the transverse ex-

change momentum. This is a nice toy-model to study
because (ud) is both an iso-spin and a spin singlet in
⇤(uds) and often behaves as a spectator diquark system.
The variable pT sets the time-scale ⌧ ⇠ 1/pT for the
scattering process. At low pT , there is enough time for
the exchanged partons to form bound states (mesons and
baryons). In the Regge limit, these bound states become
a whole tower of states with di↵erent angular momenta
as given by the corresponding Regge trajectories.

On the other hand, at large pT , the scatterers have
very little time and can only exchange partons (quarks,
gluons, photons) within themselves. This is the hard
scattering limit. It can then be shown [3] from very gen-
eral pQCD principles that at large pT , for an exclusive
process AB ! CD in the limit s ! 1, t/s constant,

(d�/dt)AB!CD ⇠ s�n+2f(t/s). (1)

Here n = nA + nB + nC + nD is the total number of
elementary fields in the initial and final state partons.
The result derives from the fact that at high s in the

FIG. 1: The reaction �p ! K+⇤ in the parton interchange
picture [5]. At high s, the transverse momentum pT sets the
time scale for the scattering.

limit |t| ⇠ |u| ⇠ s, there is no other energy scale in
the process and each constituent field must scale as

p
s.

In the AdS/QCD picture, ni corresponds to the leading
twist dimension ⌧i of the creation operator for the string
dual of the ith parton.
Since t = �s(1�cos ✓c.m.)/2 at large s, fixed t/s implies

fixed cos ✓c.m., where ✓c.m. is the meson scattering angle
in the center of mass (c.m.) frame. Therefore Eq. 1 can
be written as

d�/dt ⇠ s�n+2f(cos ✓c.m.), (2)

and one looks at ✓ = 90� fixed-angle scattering to
extract the scaling power. Assuming only quark ex-
changes, the above rule predicts (d�/dt)⇡p!⇡N ⇠ s�8,
(d�/dt)pp!pp ⇠ s�10, (d�/dt)�p!⇡N ⇠ s�7, et al.. Pre-
vious high energy experiments at SLAC [6], BNL [7]
and elsewhere have generally confirmed these predictions.
The non-perturbative derivation however implies that as
long as there are no s-channel resonances present, even
at lower energies, hard scattering amplitudes should still
have a simple power-law behavior.
In this Letter, we probe the “medium energy” domain

of 2.5 GeV . p
s . GeV using six di↵erent non-⇡N

meson photoproduction channels, K+⌃0, K+⇤, ⌘p, ⌘0p,
!p and �p. Since

p
s is just above the s-channel nuclear

resonance region, this energy domain is best suited for
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Conformal QCD Window in Exclusive Processes

• Does �s develop an IR fixed point? Dyson–Schwinger Equation Alkofer, Fischer, LLanes-Estrada,

Deur . . .

• Recent lattice simulations: evidence that �s becomes constant and is not small in the infrared

Furui and Nakajima, hep-lat/0612009 (Green dashed curve: DSE).

• Phenomenological success of dimensional scaling laws for exclusive processes

d⇥/dt ⇥ 1/sn�2, n = nA + nB + nC + nD,

implies QCD is a strongly coupled conformal theory at moderate but not asymptotic energies

Farrar and sjb (1973); Matveev et al. (1973).

• Derivation of counting rules for gauge theories with mass gap dual to string theories in warped space

(hard behavior instead of soft behavior characteristic of strings) Polchinski and Strassler (2001).
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elastic scattering
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What if we ask for a specific final state?

Exclusive Processes

e+e� ⇥ pp̄

�s(Q) ⇤ 1
lnQ

⇥(e+e�⇥three jets)
⇥(e+e�⇥two jets)

proportional to �s(s)

proportional to �s(Q)

Ratio of rate for e+e� ⇥ qq̄g to e+e� ⇥ qq̄

at Q = ECM = Ee� + Ee+

Probability decreases with number of constituents!
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2
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K+

p0
p

K+0

Distribution Amplitudes  
(gauge and frame-independent)

�K(x, Q̃

2)

�p(x1, x2; Q̃2)

Lepage, sjb; Efremov and Radyushkin

�K(x, Q̃

2)

�p(x1, x2; Q̃2)

pQCD 
Factorization

Quark-Gluon 
Scattering  
Amplitude

TH

M =
Z Y

dxidyi�F (x, Q̃)⇥TH(xi, yi, Q̃)�I(yi, Q)



• Iterate kernel of LFWFs when at high virtuality; distribution amplitude 
contains all physics below factorization scale	


• Rigorous Factorization Formulae: Leading twist	


• Underly Exclusive B-decay analyses	


• Distribution amplitude: gauge invariant, OPE, evolution equations, 
conformal expansions	


• BLM/PMC scale setting: sum nonconformal contributions in scale of 
running coupling	


• Derive Dimensional Counting Rules/ Conformal Scaling

M =
Z Y

dxidyi�F (x, Q̃)⇥TH(xi, yi, Q̃)�I(yi, Q)

Lepage; SJB	

Efremov, RadyuskinPQCD and Exclusive Processes

Inspired by BBG Factorization

Farrar; SJB	

Matveev, Muradyan, Tavkhelidze
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Braun, Gardi

Lepage, sjb

Efremov, Radyushkin

Sachrajda, Frishman Lepage, sjb

�M (x,Q) =
� Q

d2�k ⇥qq̄(x,�k�)
P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

x

1� x

k2
� < Q2

�

i

xi = 1

Hadron Distribution Amplitudes

• Fundamental gauge invariant non-perturbative input to hard 
exclusive processes, heavy hadron decays. Defined for Mesons, 
Baryons	


• Evolution Equations from PQCD, OPE	


• Conformal Expansions	


• Compute from valence light-front wavefunction in light-cone 
gauge



pQCD predicts  the leading-twist 
scaling behavior of  fixed-CM angle 
exclusive amplitudes 

!
                                                                                      Polchinski and Strassler

FH(t) ⇤ 1
tnH�1

MAB⇥CD(s, t) = F (�cm)
sntot�4

d⇥
dt (s, t) = F (�cm)

s[2ntot�2]

s = E2
cm

�t = Q2

⇤H(xi, Q)

⌅(x, k⌅)

A

B

C

D

FH(t) ⇤ 1
tnH�1

MAB⇥CD(s, t) = F (�cm)
sntot�4

d⇥
dt (s, t) = F (�cm)

s[ntot�2]

s = E2
cm

�t = Q2

⇤H(xi, Q)

⌅(x, k⌅)

[CF =
N2

C�1
2NC

]

FH(Q2)⇥ [Q2]nH�1 ⌅ constant

[Q2]nH�1FH(Q2) ⌅ constant

FH(Q2) ⌅ [ 1
Q2]

nH�1

fd(Q
2) ⇤ Fd(Q

2)

Fp(
Q2
4 )Fp(

Q2
4 )

fd(Q
2) ⌅ F�(Q2)

Farrar & sjb;  
Matveev, Muradyan, Tavkhelidze

ntot = nA + nB + nC + nD

⇤ = L

J(Q, z) = zQK1(zQ)

�s(Q2)

⇥(Q2) = d�s(Q2)
d logQ2 � 0

�(Q2)� �
15⌅

Q2

m2

Fixed t/s or cos ⇤cm

ntot = nA + nB + nC + nD

⌅ = L

J(Q, z) = zQK1(zQ)

�s(Q2)

⇥(Q2) = d�s(Q2)
d logQ2 � 0

s,�t >> m2
`

Counting Rules:!

Non-Perturbative Proof from AdS/CFT:
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Timelike proton form factor in PQCD 

form factors at largeQ2, has the form [38, 86, 23]

GM (Q2) →
α2

s(Q
2)

Q4

∑

n,m

bnm

(
log

Q2

Λ2

)γB
n +γB

n

×
[
1 + O

(
αs(Q

2),
m2

Q2

)]
. (13)

where the γB
n are computable anomalous dimensions [87]

of the baryon three-quark wave function at short distance,

and the bmn are determined from the value of the distribu-

tion amplitude φB(x, Q2
0) at a given point Q

2
0 and the nor-

malization of TH . Asymptotically, the dominant term has

the minimum anomalous dimension. The contribution from

the endpoint regions of integration, x ∼ 1 and y ∼ 1, at fi-
nite k⊥ is Sudakov suppressed [30, 86, 38]; however, the

endpoint region may play a significant role in phenomenol-

ogy.

The proton form factor appears to scale at Q2 >
5 GeV2 according to the PQCD predictions. Nucleon

form factors are approximately described phenomeno-

logically by the well-known dipole form GM (Q2) ≃
1/(1 + Q2/0.71 GeV2)2 which behaves asymptotically as
GM (Q2) ≃ (1/Q4)(1− 1.42 GeV2/Q2 + · · ·) . This sug-
gests that the corrections to leading twist in the proton form

factor and similar exclusive processes involving protons

become important in the rangeQ2 < 1.4 GeV2.

Measurements for the timelike proton form factor using

pp → e+e− annihilation are reported in Ref. [7]. The re-
sults are consistent with perturbative QCD scaling. The

ratio of the timelike to spacelike form factor depends in

detail on the analytic continuation of the QCD coupling,

anomalous dimensions [68].

The shape of the distribution amplitude controls the nor-

malization of the leading-twist prediction for the proton

form factor. If one assumes that the proton distribution am-

plitude has the asymptotic form: φN = Cx1x2x3, then the

convolution with the leading order form for TH gives zero!

If one takes a non-relativistic form peaked at xi = 1/3, the
sign is negative, requiring a crossing point zero in the form

factor at some finiteQ2. The broad asymmetric distribution

amplitudes advocated by Chernyak and Zhitnitsky [88, 89]

gives a more satisfactory result. If one assumes a constant

value of αs = 0.3, and fN = 5.3×10−3GeV2, the leading

order prediction is below the data by a factor of≈ 3. How-
ever, since the form factor is proportional to α2

sf
2
N , one

can obtain agreement with experiment by a simple renor-

malization of the parameters. For example, if one uses the

central value [90] fN = 8 × 10−3GeV2, then good agree-

ment is obtained [91]. The normalization of the proton’s

distribution amplitude is also important for determining the

proton’s lifetime [92, 93].

A useful technique for obtaining the solutions to the

baryon evolution equations is to construct completely an-

tisymmetric representations as a polynomial orthonormal

basis for the distribution amplitude of multi-quark bound

states. In this way one obtain a distinctive classification of

nucleon (N) and Delta (∆) wave functions and the cor-
responding Q2 dependence which discriminates N and ∆
form factors. More recently Braun and collaborators have

shown how one can use conformal symmetry to classify the

eigensolutions of the baryon distribution amplitude [46].

They identify a new ‘hidden’ quantum number which dis-

tinguishes components in the λ = 3/2 distribution ampli-
tudes with different scale dependence. They are able to find

analytic solution of the evolution equation for λ = 3/2 and
λ = 1/2 baryons where the two lowest anomalous dimen-
sions for the λ = 1/2 operators (one for each parity) are
separated from the rest of the spectrum by a finite ‘mass

gap’. These special states can be interpreted as baryons

with scalar diquarks. Their results may support Carlson’s

solution [94] to the puzzle that the proton to∆ form factor

falls faster [21] than other p → N∗ amplitudes if the ∆
distribution amplitude has a symmetric x1x2x3 form.

SINGLE-SPIN POLARIZATION EFFECTS

AND THE DETERMINATION OF

TIMELIKE PROTON FORM FACTORS

Although the spacelike form factors of a stable hadron

are real, the timelike form factors have a phase structure re-

flecting the final-state interactions of the outgoing hadrons.

In general, form factors are analytic functions Fi(q2) with
a discontinuity for timelike momentum above the physical

threshold q2 > 4M2. The analytic structure and phases of
the form factors in the timelike regime are thus connected

by dispersion relations to the spacelike regime [95, 96, 97].

The analytic form and phases of the timelike amplitudes

also reflects resonances in the unphysical region 0 < q2 <
4M2 below the physical threshold [95] in the JPC = 1−−

channel, including gluonium states and di-baryon struc-

tures.

Any model which fits the spacelike form factor data with

an analytic function can be continued to the timelike re-

gion. Spacelike form factors are usually written in terms

of Q2 = −q2. The correct relation for analytic con-

tinuation can be obtained by examining denominators in

loop calculations in perturbation theory. The connection is

Q2 → q2e−iπ, or

ln Q2 = ln(−q2) → ln q2 − iπ . (14)

If the spacelike F2/F1 is fit by a rational function of Q2,

then the form factors will be relatively real in the timelike

region also. However, one in general gets a complex result

from the continuation.

At very large center-of-mass energies, perturbative

QCD factorization predicts diminished final interactions in

e+e− → HH, since the hadrons are initially produced
with small color dipole moments. This principle of QCD

color transparency [98] is also an essential feature [99] of

hard exclusive B decays [100, 101], and it needs to be

tested experimentally.

There have been a number of explanations and theoreti-

cally motivated fits of the new Jefferson laboratory F2/F1

Lepage and Sjb 



Nicolas Berger 79

• Define “Effective” form factor by 

!
!
!
!

• Peak at threshold, sharp dips at 2.25 GeV, 3.0 
GeV. 

• Good fit to pQCD prediction for high mpp.

Timelike Proton Form Factor

N. Berger

Symmetrize

August 21, 2005

�(x, z = z0 =

1
⇤QCD

) = 0

In the large ` limit:

M

2
=

⇡2

4 `

2
⇤

2
QCD

Conformal Symmetry – Property of classical renormalizable Lagrangian

Poincare transformations plus

dilatation : x

µ ! �x

µ

plus

conformal transformations : inversion[x

µ ! �x

µ

x

2
] ⇥ translation ⇥ inversion

F (s) /
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�2 s
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2
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Hard Exclusive Processes
• PQCD Factorization 

• Convolution of Hadron Distribution Amplitudes 
with Hard QCD 

• Leading Twist: Counting Rules 

• Hadron Helicity Conservation 

• Color Transparency 

• BBG Quark Interchange  

• Absence of Landshoff Amplitudes 

• Puzzle: Huge Krisch  RNN  
80
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Quark-Counting : d⇥
dt (pp⌅ pp) = F (�CM)

s10

Data: n = 9.7± 0.5

powern = 4⇥ 3� 2 = 10

⇧
s =

e+

q

q̄

d⇥
dt (pp⌅ pp) = F (�CM)

s10
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s10
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⇧
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underlying 
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interactions
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Unexpected  

spin effects 

 in pp  

elastic scattering
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Spin Correlations in Elastic p� p Scattering
RNN

pT

Collisions Between Spinning Protons (A. D. Krisch)
Scientific American, 255, 42-50 (August, 1987).
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Ratio reaches 4:1 !
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p

⇥(pp� cX)

Total open charm cross section at threshold
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Compare with strangeness channels
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⌅ ⌅

• Measure Elastic Proton-Proton Scattering

d�
dt (pp ⇤ pp) at large pT .

Test PQCD AdS/CFT conformal scaling:
twist = dimension - spin = 12

M(s, t) ⇥ F (t/s)
s4

d�
dt (pp ⇤ pp) ⇥ |F (t/s)|2

s10

⌅ ⌅

• Measure Elastic Proton-Proton Scattering

d�
dt (pp ⇤ pp) at large pT .

Test PQCD AdS/CFT conformal scaling:
twist = dimension - spin = 12

M(s, t) ⇥ F (t/s)
s4

d�
dt (pp ⇤ pp) ⇥ |F (t/s)|2

s10

polarization normal to scattering plane

A. Krisch, Sci. Am. 257 (1987)  
“The results challenge the prevailing theory that describes the proton’s 

structure and forces”

Heppelmann et al. 

Breakdown of Color Transparency

de Teramond & sjb: B=2 Resonance 
near Charm Threshold

|uuduudcc̄ >
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FIG. 2: (Color online) Comparison with experimental ratios
R = F A

2 /F D
2 . The ordinate indicates the fractional differences

between experimental data and theoretical values: (Rexp −

Rtheo)/Rtheo.
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FIG. 3: (Color online) Comparison with experimental data of
R = F A

2 /F C,Li
2

. The ratios (Rexp − Rtheo)/Rtheo are shown.

ters cannot be determined easily by the present data.
The χ2 analysis results are shown in comparison with

the data. First, χ2 values are listed for each nuclear
data set in Table III. The total χ2 divided by the degree
of freedom is 1.58. Comparison with the actual data is
shown in Figs. 2, 3, and 4 for the FA

2 /FD
2 , FA

2 /FC,Li
2 ,

and Drell-Yan (σpA
DY /σpA′

DY ) data, respectively. These ra-
tios are denoted Rexp for the experimental data and Rtheo

for the parametrization calculations. The deviation ra-
tios (Rexp−Rtheo)/Rtheo are shown in these figures. The
NPDFs are evolved to the experimental Q2 points, then
the ratios (Rexp − Rtheo)/Rtheo are calculated.
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FIG. 4: (Color online) Comparison with Drell-Yan data of
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DY . The ratios (Rexp − Rtheo)/Rtheo are shown.

0.7

0.8

0.9

1

1.1

1.2

0.001 0.01 0.1 1

F
2

C
a
/F

2
D

x

EMC

NMC

E136

E665

Q
2
= 5 GeV

2

σ
D

Y

p
C

a
/σ

D
Y

p
D

0.7

0.8

0.9

1

1.1

1.2

0.03 0.1 1

x

E772

Q
2
= 50 GeV

2

FIG. 5: (Color online) Parametrization results are compared
with the data of F2 ratios F Ca

2 /F D
2 and Drell-Yan ratios

σpCa
DY /σpD

DY . The theoretical curves and uncertainties are cal-
culated at Q2=5 GeV2 for the F2 ratios and at Q2=50 GeV2

for the Drell-Yan ratios.

As examples, actual data are compared with the
parametrization results in Fig. 5 for the ratios FCa

2 /FD
2

and σpCa
DY /σpD

DY . The shaded areas indicate the ranges of
NPDF uncertainties, which are calculated at Q2=5 GeV2

for the F2 ratios and at Q2=50 GeV2 for the Drell-Yan
ratios. The experimental data are well reproduced by the
parametrization, and the the data errors agree roughly
with the uncertainty bands. We should note that the
parametrization curves and the uncertainties are calcu-
lated at at Q2=5 and 50 GeV2, whereas the data are
taken at various Q2 points. In Fig. 5, the smallest-
x data at x=0.0062 for FCa

2 /FD
2 seems to deviate from

the parametrization curve. However, the deviation comes
simply from a Q2 difference. In fact, if the theoretical ra-
tio is estimated at the experimental Q2 point, the data
point agrees with the parametrization as shown in Fig.
2.

5

Anti-Shadowing

Shadowing
M. Hirai, S. Kumano and T. H. Nagai,
“Nuclear parton distribution functions
and their uncertainties,”
Phys. Rev. C 70, 044905 (2004)
[arXiv:hep-ph/0404093].
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Figure 1: Nuclear correction factor R according to Eq. 1
for the differential cross section d2σ/dx dQ2 in charged
current neutrino-Fe scattering at Q2 = 5 GeV2. Results
are shown for the charged current neutrino (solid lines)
and anti-neutrino (dashed lines) scattering from iron.
The upper (lower) pair of curves shows the result of our
analysis with the Base-2 (Base-1) free-proton PDFs.

Figure 2: Predictions (solid and dashed line) for the
structure function ratio F F e

2 /F D
2 using the iron PDFs

extracted from fits to NuTeV neutrino and anti-neutrino
data. The SLAC/NMC parameterization is shown with
the dot-dashed line. The structure function F D

2 in the
denominator has been computed using either the Base-2
(solid line) or the Base-1 (dashed line) PDFs.

(significant) dependence on the energy scale Q, the atomic number A, or the specific observable.
The increasing precision of both the experimental data and the extracted PDFs demand that the
applied nuclear correction factors be equally precise as these contributions play a crucial role in
determining the PDFs. In this study we reexamine the source and size of the nuclear corrections
that enter the PDF global analysis, and quantify the associated uncertainty. Additionally, we
provide the foundation for including the nuclear correction factors as a dynamic component of
the global analysis so that the full correlations between the heavy and light target data can be
exploited.

A recent study 1 analyzed the impact of new data sets from the NuTeV 3, Chorus, and E-
866 Collaborations on the PDFs. This study found that the NuTeV data set (together with the
model used for the nuclear corrections) pulled against several of the other data sets, notably the
E-866, BCDMS and NMC sets. Reducing the nuclear corrections at large values of x reduced
the severity of this pull and resulted in improved χ2 values. These results suggest on a purely
phenomenological level that the appropriate nuclear corrections for ν-DIS may well be smaller
than assumed.

To investigate this question further, we use the high-statistics ν-DIS experiments to perform
a dedicated PDF fit to neutrino–iron data.2 Our methodology for this fit is parallel to that of
the previous global analysis,1 but with the difference we use only Fe data and that no nuclear
corrections are applied to the analyzed data; hence, the resulting PDFs are for a bound proton
in an iron nucleus. Specifically, we determine iron PDFs using the recent NuTeV differential
neutrino (1371 data points) and anti-neutrino (1146 data points) DIS cross section data,3 and
we include NuTeV/CCFR dimuon data (174 points) which are sensitive to the strange quark
content of the nucleon. We impose kinematic cuts of Q2 > 2 GeV and W > 3.5 GeV, and obtain
a good fit with a χ2 of 1.35 per data point.2

2 Nuclear Correction Factors

We now compare our iron PDFs with the free-proton PDFs (appropriately scaled) to infer the
proper heavy target correction which should be applied to relate these quantities. Within the

Extrapolations from  NuTeV

SLAC/NMC data

Q2 = 5 GeV2

Scheinbein, Yu, Keppel, Morfin, Olness, Owens

No anti-shadowing in deep inelastic neutrino scattering !

Is Anti-Shadowing Quark Specific?
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Is  Antishadowing in DIS  
Non-Universal, Flavor-Dependent?
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Nuclear Shadowing in QCD 

Nuclear  Shadowing not included in nuclear LFWF !  
!

 Dynamical effect due to virtual photon interacting in nucleus

Stodolsky 
Pumplin, sjb 

Gribov

Shadowing requires leading-twist diffractive DIS

DDIS on N2
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The one-step and two-step processes in DIS
on a nucleus.

Coherence at small Bjorken xB :
1/MxB = 2�/Q2 � LA.

If the scattering on nucleon N1 is via pomeron
exchange, the one-step and two-step ampli-
tudes are opposite in phase, thus diminishing
the q flux reaching N2.

� Shadowing of the DIS nuclear structure
functions.

  Observed HERA DDIS produces nuclear shadowing

Interior nucleons shadowed



Di�ractive DIS ep� epX where there is a large rapidity gap and the target
nucleon remains intact probes the final state interaction of the scattered quark
with the spectator system via gluon exchange.

Di�ractive DIS on nuclei eA� e⇥AX and hard di�ractive reactions such as
��A� V A can occur coherently leaving the nucleus intact.

Diffractive Deep Inelastic Scattering
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Inclusive Diffraction at HERA

F.-P. Schillinga∗ (on behalf of the H1 and ZEUS collaborations) †

aDESY, Notkestr. 85, D-22603 Hamburg, Germany

New precision measurements of inclusive diffractive deep-inelastic ep scattering interactions, performed by the
H1 and ZEUS collaborations at the HERA collider, are discussed. A new set of diffractive parton distributions,
determined from recent high precision H1 data, is presented.

1. INTRODUCTION

One of the biggest challenges in our under-
standing of QCD is the nature of colour sin-
glet exchange or diffractive interactions. The
electron-proton collider HERA is an ideal place to
study hard diffractive processes in deep-inelastic
ep scattering (DIS). In such interactions, the
point-like virtual photon probes the structure of
colour singlet exchange, similarly to inclusive DIS
probing proton structure.

2

β

Figure 1: Illustration of
a diffractive DIS event.

At HERA,
around 10% of
low x events
are diffractive
[1]. Experimen-
tally, such events
are identified by
either tagging
the elastically
scattered pro-
ton in Roman
pot spectrometers
60− 100 m down-
stream from the
interaction point
or by asking for

a large rapidity gap without particle production
between the central hadronic system and the
proton beam direction.

A diagram of diffractive DIS is shown in Fig. 1.
A virtual photon coupling to the beam electron

∗e-mail address: fpschill@mail.desy.de
†Talk presented at 31st Intl. Conference on High Energy
Physics ICHEP 2002, Amsterdam

interacts diffractively with the proton through
the exchange of a colour singlet and produces a
hadronic system X with mass MX in the final
state. If the 4-momenta of the incoming (out-
going) electron and proton are labeled l (l′) and
p (p′) respectively, the following kinematic vari-
ables can be defined: Q2 = −q2 = −(l − l′)2, the
photon virtuality; β = Q2/q.(p − p′), the longi-
tudinal momentum fraction of the struck quark
relative to the diffractive exchange; xIP = q.(p −
p′)/q.p, the fractional proton momentum taken
by the diffractive exchange and t = (p− p′)2, the
4-momentum squared transferred at the proton
vertex. Bjorken-x is given by x = xIP β. For the
measurements presented here typical values of xIP

are < 0.05. y = Q2/sx denotes the inelasticity,
where s is the ep CMS energy.

A diffractive reduced cross section σD(4)
r can be

defined via

d4σep→eXp

dxIP dt dβ dQ2
=

4πα2

βQ4

(

1 − y +
y2

2

)

σD(4)
r (xIP , t, β, Q2) , (1)

which is related to the diffractive structure func-
tions FD

2 and the longitudinal FD
L by

σD
r = FD

2 −
y2

2(1 − y + y2

2 )
FD

L . (2)

Except at the highest y, σD
r = FD

2 to a very good
approximation. If the outgoing proton is not de-
tected, the measurements are integrated over t:

σD(3)
r =

∫

dt σD(4)
r .
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state. If the 4-momenta of the incoming (out-
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p′)/q.p, the fractional proton momentum taken
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vertex. Bjorken-x is given by x = xIP β. For the
measurements presented here typical values of xIP

are < 0.05. y = Q2/sx denotes the inelasticity,
where s is the ep CMS energy.
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L by
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p

Quark Rescattering 

Hoyer, Marchal, Peigne, Sannino, SJB (BHMPS)

Enberg, Hoyer, Ingelman, SJB

Hwang, Schmidt, SJB

Low-Nussinov model of Pomeron



Diffractive Structure Function F2
D  

de Roeck
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QCD Mechanism for Rapidity Gaps

Wilson Line: ψ(y)
Z y

0
dx eiA(x)·dx ψ(0)

P

Reproduces lab-frame color dipole approach

Hoyer, Marchal, Peigne, Sannino, sjb
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The one-step and two-step processes in DIS
on a nucleus.

Coherence at small Bjorken xB :
1/MxB = 2�/Q2 � LA.

If the scattering on nucleon N1 is via pomeron
exchange, the one-step and two-step ampli-
tudes are opposite in phase, thus diminishing
the q flux reaching N2.

� Shadowing of the DIS nuclear structure
functions.

Regge

        constructive in phase!
thus increasing the flux reaching N2

  Regge Exchange in DDIS produces nuclear anti-shadowing

Interior nucleons anti-shadowed

Schmidt, Lu, Yang, sjb



Non-singlet 
Reggeon 
Exchange

x0.5

Kuti-Weisskopf 
behavior

F2p(x)� F2n(x) / x

1/2

Antiquark interacts with target nucleus at
energy ŝ ⇤ 1

xbj

Regge contribution: ⇥q̄N ⇥ ŝ�R�1

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

c

c̄

g

↵R ' 1/2

Landshoff, Polkinghorne, Short Close,  Gunion, SJB
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Reggeon Exchange

Antiquark interacts with target nucleus at
energy ŝ ⇤ 1

xbj

Regge contribution: ⇥q̄N ⇥ ŝ�R�1

Shadowing of ⇥q̄M produces shadowing of
nuclear structure function.

c

c̄

g

Phase of two-step amplitude relative to one
step:

1⇧
2
(1� i)⇥ i = 1⇧

2
(i + 1)

Constructive Interference

Depends on quark flavor!

Thus antishadowing is not universal

Di�erent for couplings of �⇤, Z0, W±

↵R ' 1/2
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Nuclear Antishadowing not universal !

Schmidt, Lu, Yang, sjb
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Shadowing and Antishadowing  of DIS 
Structure Functions

S. J. Brodsky, I. Schmidt and J. J. Yang, “Nuclear Antishadowing in
Neutrino Deep Inelastic Scattering,” Phys. Rev. D 70, 116003 (2004)
[arXiv:hep-ph/0409279].

S. J. Brodsky, I. Schmidt and J. J. Yang,
“Nuclear Antishadowing in
Neutrino Deep Inelastic Scattering,”
Phys. Rev. D 70, 116003 (2004)
[arXiv:hep-ph/0409279].

Modifies 
NuTeV extraction of 

sin2 �W

Test in flavor-tagged  
lepton-nucleus collisions
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Crucial JLab Experiments
• Measure Diffractive DIS:   Agree with 

Shadowing of Nuclear Structure 
Functions? 

• Isospin Dependence of Diffractive DIS — 
Reggeon Exchange 

• Flavor Dependence of Antishadowing: 
Tagged Quark Distributions? 

• Test for Odderon Exchange in DDIS



Odderon  has never been observed!

p
p0

�⇤(q) ⇡0, ⌘, ⌘c, ⌘b

Look for Charge Asymmetries from Odderon-Pomeron 
Interference

Merino, Rathsman, 
sjb
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Odderon-Pomeron Interference leads to  K+ K- , D+ D-  and  B+ B- !

charge and angular asymmetries

p
p0

�⇤(q)

p
p0

�⇤(q)
c

c̄

c

c̄
D+

D+

D�
D�

Strong enhancement at heavy-quark 
pair threshold from QCD Sakharov-

Schwinger-Sommerfeld effect

Odderon at amplitude level
⇡↵s(�2s)

�

Merino, Rathsman, 
sjb

Hoang, Kuhn,  
sjb

+
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T-OddPseudo-

11-2001 
8624A06

S

current 
quark jet

final state 
interaction

spectator 
system

proton

e– 

!*

e– 

quark

Single-spin 
asymmetries

Leading Twist 
Sivers Effect

~Sp ·~q⇥~pq

 Hwang,  Schmidt, 
sjb

Light-Front Wavefunction   
S and P- Waves!

QCD S- and P- 
Coulomb Phases 

--Wilson Line !
“Lensing Effect”

i

Collins, Burkardt, Ji, Yuan. 
Xiao, Pasquini, ...

Leading-Twist 
Rescattering 
Violates pQCD 
Factorization!

Sign reversal in DY!

QED: 
Lensing 

involves soft 
scales
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T-OddPseudo-

11-2001 
8624A06

S

current 
quark jet

final state 
interaction

spectator 
system

proton

e– 

!*

e– 

quark

Single-spin 
asymmetries in 

exclusive channels

Exclusive 
Sivers Effect 
connects to 

Inclusive Effect

~Sp ·~q⇥~pq

Light-Front Wavefunction   
S and P- Waves

QCD S- and P- 
Coulomb Phases 

--Wilson Line

i
K+(s̄u)

⇤(sud)

�⇤p" ! K+⇤

i~Sp · ~q ⇥ ~pK

i~S⇤ · ~q ⇥ ~pK
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• Square of Target LFWFs                 Modified by Rescattering: ISI & FSI

• No Wilson Line                             Contains Wilson Line, Phases

• Probability Distributions                 No Probabilistic Interpretation

• Process-Independent                      Process-Dependent - From Collision

• T-even Observables                        T-Odd (Sivers, Boer-Mulders, etc.)

• No Shadowing,  Anti-Shadowing      Shadowing,  Anti-Shadowing, Saturation

• Sum Rules: Momentum and Jz               Sum Rules Not Proven

• DGLAP Evolution; mod. at large x   DGLAP Evolution

• No Diffractive DIS                         Hard Pomeron and Odderon Diffractive DIS

Static                           Dynamic

General remarks about orbital angular mo-
mentum

�n(xi,⇥k�i, �i)

�n
i=1(xi

⇥R�+⇥b�i) = ⇥R�

xi
⇥R�+⇥b�i

�n
i
⇥b�i = ⇥0�

�n
i xi = 1

2

11-2001 
8624A06

S

current 
quark jet

final state 
interaction

spectator 
system

proton

e– 

!*

e– 

quark

Mulders, Boer

Qiu, Sterman

 Pasquini, Xiao,  
Yuan, sjb

Collins, Qiu

Hwang, Schmidt, 
sjb,

Liuti, sjb!

What is measured!



Need a First Approximation to QCD 
!

 Comparable in simplicity to !
Schrödinger Theory in Atomic Physics

Relativistic, Frame-Independent, Color-Confining



HQED

[� �2

2mred
+ Ve�(�S,�r)] �(�r) = E �(�r)

[� 1
2mred

d2

dr2
+

1
2mred

⌃(⌃ + 1)
r2

+ Ve�(r, S, ⌃)] �(r) = E �(r)

(H0 + Hint) |� >= E |� > Coupled Fock states

Effective two-particle equation

 Spherical Basis r, �,⇥

Coulomb  potential  

Includes Lamb Shift, quantum corrections

Bohr Spectrum

Veff ⇥ VC(r) = ��

r

QED atoms: positronium and 
muonium

Semiclassical first approximation to QED -->  

Eliminate higher Fock states              
and retarded interactions

LQED

Atomic Physics from First Principles



HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
potential!  

HLF
QCD

(H0
LF + HI

LF )|� >= M2|� >

[
�k2
� + m2

x(1� x)
+ V LF

e� ] �LF (x,�k�) = M2 �LF (x,�k�)

�,⇥

Semiclassical first approximation to QCD  

U(⇣) = 4⇣2 + 22(L + S � 1)

Light-Front QCD

AdS/QCD:

�2 = x(1� x)b2
�

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Sums an infinite # diagrams

LQCD

Eliminate higher Fock states              
and retarded interactions

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

mq = 0



x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Invariant transverse  
separation



Exploring QCD, Cambridge, August 20-24, 2007 Page 9

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

0.20.40.60.8

1.3

1.4

1.5

0

0.05

0.1

0.15

0.2

0

5

�(x, k�)(GeV)

�(x, k�)

• Light Front Wavefunctions:                                   

AdS5:  Conformal Template for QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Duality of AdS5 with LF 
Hamiltonian Theory

•Light-Front Holography

Light-Front Schrödinger Equation
Spectroscopy and Dynamics

with Guy de Teramond and 	

Hans Guenter Dosch
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Some Features of AdS/QCD

• Regge spectroscopy—same slope in n,L for mesons,!

• Chiral features for mq=0: mπ =0, chiral-invariant proton!

• Hadronic LFWFs!

• Counting Rules!

• Connection between hadron masses and ⇤MS

Superconformal AdS Light-Front Holographic QCD (LFHQCD) 	


Meson-Baryon Mass Degeneracy for LM=LB+1



Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

!
Preserves Conformal Symmetry 

of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Unique !
Confinement Potential!

!
de Tèramond, Dosch, sjb

 ' 0.6 GeV

1/ ' 1/3 fm

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 	

without affecting conformal invariance of action!• Fubini, Rabinovici:

e'(z) = e+2z2
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Figure 2: Orbital and radial baryon excitation spectrum. Positive-parity spin-12 nucleons (a) and

spectrum gap between the negative-parity spin-32 and the positive-parity spin-12 nucleons families

(b). Minus parity N (c) and plus and minus parity ∆ families (d), for
√
λ = 0.49 GeV (nucleons)

and 0.51 GeV (Deltas).

cluster. The predictions for the daughter trajectories for n = 1, n = 2, · · · are also shown in

this figure. Only confirmed PDG [23] states are shown. The Roper state N(1440) and the

N(1710) are well accounted for as the first and second radial excited states of the proton.

The newly identified state, the N(1900) [23] is depicted here as the first radial excitation of

the N(1720). The model is successful in explaining the parity degeneracy observed in the

light baryon spectrum, such as the L = 2, N(1680)−N(1720) pair in Fig. 2 (a). In Fig. 2

(b) we compare the positive parity spin-12 parent nucleon trajectory with the negative parity

7

42S=1/2, P=+ S=1/2, P=+

S=3/2, P=-

S=1/2, P=- S=1/2, 3/2
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• A first, semi-classical approximation to 
nonpertubative QCD"

• Hadron Spectroscopy and LF Dynamics"

• Color Confinement Potential"

• Running QCD Coupling α(Q2) at All Scales Q2"

• What sets the QCD Mass Scale?"

• Connection of Hadron Masses to 

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

AdS/QCD and Light-Front Holography

⇤MS
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ABOUT THE SCHOOL

The 2015 International Summer Workshop is dedicated to
theory and phenomenology of scattering theory and its
application to data analysis of modern experiments in strong
interactions physics. As a new frontier in particle and
nuclear physics has opened up with advances in
experimental, theoretical and computational techniques
there is new demand for a qualitatively new level of
sophistication in data analysis never before achieved. These
require deep knowledge of the methods in relativistic
scattering theory. For at least two decades scattering theory
has essentially disappeared from the physics curriculum and
generations of physicists have been educated without this
basic knowledge. Few have working experience with topics

related to the analysis of relativistic reactions that involve aspects of Regge phenomenology, crossing relations and duality, analytic
continuations, dispersion relations, etc., and the phenomenological application of all these concepts.

The Workshop will consist of daily lectures from faculty in the morning, followed
by lab sessions devoted to practical implementation of reaction amplitudes in data
fitting using AmpTools and ROOT. There will also be opportunities for
participants to present their current research. The Workshop is dedicated in
memory of Tullio Regge who passed away on October 23, 2014. He discovered
the role of complex angular momentum singularities. Named after him, Regge
poles and cuts, determine asymptotic behavior of relativistic scattering amplitudes,
and the discovery led to the most successful phenomenology of high energy
collisions.
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