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1 Summary

Let us consider the three-body decay

0(A,po) = 1(A1,p1) + 2(Xa2, p2) + 3(As, p3). (1)

m; and J; are the mass and spin of particle i = 0,1,2,3. {i,7,k} form a permutation of 123
and o, = (p; + p;)®. The Mandelstam variables obey oy toyto3= m0 +m? +m3+m3. In
the center-of-momentum of particle 0 (CMF), the vector pl, p2 and p3 form a plane, the decay
plane. The decay plane is the xz plane with the z axis belng the opposite direction of pj in
the CMF and the y axis being the opposite direction of Py X p2 in the CMF (to match with
Misha’s convention). All quantities in the CMF have a *. The CMF is also called the (123)RF.
Notation:

e )\’ are the helicities of particle ¢ = 1,2, 3 in the (123) RF
e A* is the spin projection of particle 0 along the z axis in the (123) RF
e )\; are the helicities of particle i = 0,1,2,3 in the isobar (ij) RF.

e A is the spin projection along —pj of the isobar (ij) in its RF. It is also the helicity of
the isobar in the (123) RF.

e s is the spin of the isobar (ij).

The amplitudes are written as
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The code returns the recoupling coefficients
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2 Details

The decaying particle (0) might be polarized and that polarization depends in the particular
experiment. One can either choose to rotate the system, for each event, such that the spin
density matrix of particle 0 takes a simple for or either use an event-dependent spin density
matrix. In the former case, the amplitudes in the lab frame read

My ixy(01,02) =3 DL (o, B,7)Ons (ary (01, 02). (4)
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And in both cases the intensity reads (ignoring an overall factor), with P, the polarization and
Q) p the angles of the polarization vector

I(Py,Qp,01,02) = Z Pax i (B0, Qp)On- (a3 (01, 02) O} (11y(01,02). (5)
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The interesting function Oa« gy} (071, 02) is called the Dalitz plot function and can be parametrized
in terms of isobars.
In the isobar model, one decomposes the Dalitz function into three decay chains

Ons (o3 (01,02) = Ope 3y (01,02) + O3 (34 (01, 02) + Oy (01, 02). (6)

Let us consider the decay chain 0 — (ij) + k followed by (ij) — i + j with ¢, j, k being a
permutation of 1,2,3. We write the isobar decay in the isobar rest frame, i.e. the (ij) RF for
the isobar k. Its spin projection A, is quantized along the opposite direction of pj*;. The (ij)
RF is related to the CMF by a boost along p_;t, which leaves Ay invariant but Wigner-rotates
the helicities A; and A; in the (ij) RF.
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The isobar decay is written in the (ij) RF
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The scattering angle 6;; is the angle between p; and —pj, in the (i) rest frame (with 6, = 7—0;;):
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This isobar decay amplitude needs to be boosted to the CMF. This boost introduces the
Wigner rotations:
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wj|x is the angle of the Wigner rotation bringing particle ¢ from the isobar k rest frame to the
CMF. On the next page, it is shown that w; is positive when ijk are even permutation of 123.
Since the angles are specified by their cosine, we need to take the sign into account. Eq. (9)
assumes that this is the case, otherwise the sign are on the other Wigner-d. The angle Wigner
rotation bringing particle i from the (ij) = k rest frame to the overall rest frame (123) RF is
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wy is the angle of the rotation bringing the direction of p; 4+ pj|;)rr to the direction of p) +
P2 + Ds|(i)rr, that is, the angle between the boosting direction of particle i from its RF to (ij)
RF and the boosting direction of particle ¢ from its RF to the CMF.

Finally particle 0 decay into the isobar k = (ij) and particle k yields
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The angle 07, between the isobar k (— _’) and the z axis ( pl) is given by the angles ;; between

pr and p] in the (123) rest frame. Obviously 8, = 07, 0, = 0 and 07, + 055 + 05, = 27r.
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Collecting all the pieces we obtain
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To compute the angle of the Wigner rotation, I use a covariant represenation of its cosine
with two 4-vectors a and b. They are such that before the boost, a is in its rest frame, i.e
a = 0 and after the boost b is in its rest frame, i.e Ab = 0. We can then express the initial
and final energies as £ = a-p and E' = (Ab) - p' = b- p (up to irrelevant normalizations that
will cancel in cosw). We obtain the Wigner angle for boost (no rotation) in term of the vectors
(a,b) describing the boost in the following covariant form [Gomatam:1974za]
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It shows that the Wigner angle corresponds to the angle between the vectors a and b in p rest
frame !

In our case, we want to boost from the (ij) RF, so a = p; +p; to the CMF so b = p;+p; + px.
In the (i) RF, these directions correspond to the directions of p;" and p;’ + pi.’. The prime
denoting vectors in a particle rest frame.

In the figure, let’s consider the isobar (23) (k = 1). The Wigner angle wo; for particle 2
is the direction between p3’ and p3’ + pi’ = psi’. The Wigner angle wa1 for particle 3 is the
direction between py’ and py’ + pi’ = pT’ because in the (3)RF, the spin projection of particle 3
is quantized along the opposite direction of p3” and in the CMF its helicity is along the opposite
direction of Py so one needs to rotate from py’ to pry’.

On the figure, we can indeed see an opposite sign between the two angles wy; and ws); . We
also see that that for a given particle 4, its Wigner angles w;); and wj; of the boosting from the
j-decay chain and the k-decay chain respectively are opposite. Also the two Wigner rotation
wjjr and wj, needed in the recoupling coefficient in the k-chain have opposite sign. Moreover
wjk is positive if ijk is an even permutation of 123 if the CMF momenta p}*, p," and p3* are
labelled in the positive sense (anti-clockwise).



